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§1. Introduction
The Einstein theory of gravitation, which is described by a certain complicated
system of simultaneous non-linear partial derivative equations, are the great success
in modern physics, for example, in the fields of astrophysics or cosmology. In particu-
lar, the discoveries of exact solutions describing black holes such as the Schwarzschild
solution1) and the Kerr solution2) have so far provided us with a great deal of insight
into various gravitational phenomena. It must have been one of the most exciting
predictions to us in general relativity that there may be black holes in our universe.
Of course, in general, one has a lot of purely mathematical and technical problems,
when attempting to find exact solutions and to classify all of them, due to the com-
plexity of the Einstein equations, essentially, its non-linearity. Nevertheless, as for
the exact solutions of black holes, its classification has been completely achieved,
i.e., it is well known that the Kerr solution is the only black hole solution within
the pure gravitational theory (so-called uniqueness theorem for black holes). Hence,
there is no room for asking if there exists a new black hole solution within the pure
typeset using PTPTEX.cls 〈Ver.0.9〉
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gravity in four dimensions.
In recent years, motivated by string theories, various types of black hole solu-
tions in higher dimensions have so far been found, with the help of, in part, recent
development of solution generating techniques. It is now evident that even within
the framework of vacuum Einstein gravity, there is a much richer variety of black
hole solutions in higher dimensions. In fact, as shown by Emparan and Reall, five-
dimensional asymptotically flat vacuum Einstein gravity admits the coexistence of
a rotating spherical hole and two rotating rings with the same conserved charges, il-
lustrating explicitly the nonuniqueness property of black holes in higher dimensions.
Therefore, one may expect that a lot of black hole solutions still remain unfound
even in the simplest pure gravity in higher dimensions.
In most cases, in higher dimensions, asymptotically flat black holes have been
considered, in various theories, for stationary, axisymmetric (with multiple rotational
symmetries) black holes being non-compact, as simple higher dimensional general-
izations of the well-known four-dimensional black holes. However, since our real,
observable world is macroscopically four dimensional, then extra dimensions have to
be compactified in realistic spacetime models in a certain appropriate way. Therefore
it is of great interest to consider higher dimensional Kaluza-Klein black holes with
compact extra dimensions, which behaves as higher dimensions near the horizon but
look four-dimensional for an observers at large distance∗) Though one would expect
that the simplest structure of Kaluza-Klein type black holes are direct products of
four dimensions and extra dimensions, one hardly construct exact black hole solu-
tions of these types because of a lack of geometrical symmetry. However, a certain
class, called cohomogeneity-one, of exact Kaluza-Klein black hole solutions can be
obtained by the squashing from the same class of non-compactified black hole solu-
tions, e.g., asymptotically rotating black hole solutions with equal angular momenta,
or non-asymptotically flat Go¨del black holes with closed timelike curves.
The main purpose of this chapter is to review and summarize known (at present)
exact solutions of black holes in higher dimensional Einstein gravity, in particular,
focusing on a class of asymptotically flat black holes and squashed Kaluza-Klein
black holes. As far as asymptotically flat black holes is concerned, although there is
some overlap with the earlier nice review articles,3), 4) we here include the detail of
the black ring with S2-rotation,5), 6) black lens7), 8) and multiple black holes.9)–14) As
for a class of Kaluza-Klein black holes, based on our earlier several works, we include
not only black holes in the five-dimensional Einstein gravity but also charged black
holes (of bosonic sector) in the five-dimensional minimal supergravity, namely, the
five-dimensional Einstein-Maxwell-Chern-Simons theory. We in detail review black
hole solutions obtained from such the squashing and also summary all the solutions
found at present. The supersymmetric black holes or black hole with a cosmological
constant are beyond description of this chapter.
This review is organized as follows: In the following section, we will review
∗) When the black holes will be small enough compared with the size of the extra dimensions,
they may be well approximated by the higher dimensional asymptotically flat black hole solutions.
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asymptotically flat black holes solutions in D (≥ 5)-dimensional Einstein theories
(in the standard sense that a spacetime asymptotes to a Minkowski spacetime at in-
finity), which include the Schwarzschild-Tangherlini solution (subsection 2.1), Myers-
Perry solution (subsection 2.2). In subsection 2.3, we review stationary and axisym-
metric solutions with D − 2 commuting Killing vector fields and the concept of rod
structure. In subsection 2.4, we review all known five-dimensional asymptotically flat
black hole solutions such that the spatial cross section of the horizon is topologically
non-spherical, namely, black ring solutions, black lens solution, black saturn solution,
black di-ring solution and bicycling black ring solution. Furthermore, we devote sec-
tion 3 to Kaluza-Klein black hole solutions in five dimensions. In subsection 3.1 we
mention the most general Kaluza-Klein black hole solution in the five-dimensional
Einstein theory. Then, in subsection 3.2, we focus on charged Kaluza-Klein black
hole solutions in the bosonic part of the five-dimensional supergravity which can be
obtained by the deformation of the so-called squashing transformation.
§2. Asymptotically flat black holes
In this section, we consider the exact solutions of asymptotically flat,15) sta-
tionary black holes in the theories describing by the D-dimensional Einstein-Hilbert
action, which is written in the form
S =
1
16πG
∫
dDx
√−g R, (2.1)
where G is a Newton’s constant in D-dimensions. We here mean by asymptotically
flat that a spacetime asymptotes to D-dimensional Minkowski spacetime at infinity,
namely, in terms of Cartesian coordinates {t, xi} (i = 1, · · · ,D − 1) (under a cer-
tain gauge condition15)), the spacetime metric at infinity, r :=
√∑D−1
i=1 (x
i)2 → ∞,
behaves as
ds2 ≃
(
−1 + 16πGM
(D − 2)ΩD−2rD−3
)
dt2 −
D−1∑
i,j=1
8πGJij
ΩD−2rD−1
dt(xidxj − xjdxi)
+
(
1 +
16πGM
(D − 2)(D − 3)ΩD−2rD−3
)D−1∑
i=1
(dxi)2, (2.2)
where ΩD−2 = 2π(D−1)/2/Γ ((D − 1)/2) is the area of a (D − 2)-sphere with unit
radius, M are the ADM mass, Jij(= −Jji) is a angular momentum in a rotational
plane (xi, xj) and in the choice of suitable coordinates, it can be written in a block
diagonal form
(Jij) =


0 J12 0 0 0 · · ·
−J12 0 0 0 0 · · ·
0 0 0 J34 0 · · ·
0 0 −J34 0 0 · · ·
...
...
...
...
. . .


. (2.3)
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Following Ref. 3), we denote the angular momenta by Ji := J2i−1,2i.
2.1. Schwarzschild-Tangherlini black hole solutions
The generalization of the Schwarzschild solution to higher dimensions was made
by Tangherlini in 1963 in a straightforward way.16) The metric is given by
ds2 = −
(
1− µ
rD−3
)
dt2 +
dr2(
1− µ
rD−3
) + r2dΩ2D−2, (2.4)
with the metric of a (D − 2)-dimensional unit sphere
dΩ2D−2 = dθ
2
1 + sin
2 θ1dθ
2
2 + · · ·+ (sin2 θ1 · · · sin2 θD−3)dθ2D−2. (2.5)
The above metric provides a vacuum solution in the D-dimensional Einstein theory,
describing static, asymptotically flat higher dimensional black holes. As seen easily,
the black hole horizon exists at r = rh := µ
1/(D−3). The mass is
M =
(D − 2)ΩD−2
16πG
µ. (2.6)
2.2. Myers-Perry black hole solutions
The Kerr solution in four-dimensional Einstein theory, which describes asymp-
totically flat rotating black holes, was generalized to higher-dimensions (D ≥ 5)
by Myers and Perry15) in 1986, who used the Kerr-Schild formalism. The essential
difference from the four dimensional Kerr solution is that there are several inde-
pendent rotation planes, whose number N depends on the space-time dimensions as
N = [(D − 1)/2], in higher dimensions. Therefore, this solution is specified by the
mass parameter µ and N spin parameters ai (i = 1, · · · , N). The metric forms in
odd and even dimensions are slightly different.
When the space-time dimension, D, is odd, the metric takes the form
ds2 = −dt2 + (r2 + a2i )(dµ2i + µ2i dφ2i ) +
µr2
ΠF
(dt− aiµ2i dφi)2 +
ΠF
Π − µr2dr
2,(2.7)
where the functions F and Π are defined as
F (r, µi) = 1− a
2
iµ
2
i
r2 + a2i
, Π =
N∏
i=1
(r2 + a2i ). (2.8)
and i = 1, · · · , N and µi have to satisfy the constraint
∑
i µ
2
i = 1. On the other
hand, when D is even, the metric is written as
ds2 = −dt2 + (r2 + a2i )(dµ2i + µ2i dφ2i ) +
µr2
ΠF
(dt− aiµ2i dφi)2 +
ΠF
Π − µrdr
2,(2.9)
where µi satisfies
∑
i µ
2
i + α
2 = 1 with the constant satisfying −1 ≤ α ≤ 1. The
ADM mass and angular momenta for the i-th rotational plane (x2i−1, x2i) are given
by
M =
(D − 2)ΩD−2
16πG
µ, Ji =
ΩD−2
16πG
µai. (2.10)
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It turns out that the horizons exist at the place where grr vanishes, as in the
four-dimensional case. For even D with D ≥ 6, the location of the horizons is
determined by the roots of the equation
Π − µr = 0. (2.11)
The left-hand side is a polynomial of 2N order, so that this equation for arbitrary
dimensions would have no general analytic solution. However, a simple consideration
enables us to know, at least, the conditions for the existence of the horizon, in
particular, when all spin parameters ai are non-zero. Since curvature singularities
exist at r = 0, the existence of horizons requires that Eq. (2.11) should have at least
one solution for positive r. As seen easily, for positive r the function Π − µr has
only a single local minimum, the value of the mass parameter µ are assumed to be
positive. Now suppose the value of r to be r∗ and then it is evident that
Π(r∗)− µr∗


> 0 no horizon,
= 0 one degenerate horizon,
< 0 two horizons.
(2.12)
For odd D with D ≥ 5, the horizons exist at the values of r of the equation
Π − µr2 = 0. (2.13)
The left-hand side is a polynomial of (D − 1)/2 order in l := 2r2, so that in general
for D = 5, 7, 9 only, the above equation would have analytic solutions. In particular,
for D = 5, an analytic solution can be found as
r2± =
µ− a21 − a22 ±
√
(µ− a21 − a22)2 − 4a21a22
2
. (2.14)
Therefore the presence (absence) of the horizon requires the parameters should lie
in the range
µ > 0, |a1|+ |a2|


>
√
µ no horizon,
=
√
µ, a1a2 = 0 no horizon,
=
√
µ, a1a2 6= 0 one degenerate horizon,
<
√
µ two horizons.
(2.15)
For arbitrary D larger than 5, when all of spin parameters ai are non-vanishing, the
function Π(l) − 2µl has only a single local minimum at l = l∗, which is determined
from ∂lΠ(l∗)− 2µ = 0, and hence from the same discussion, it can be shown that
Π(l∗)− 2µl∗


> 0 no horizon,
= 0 one degenerate horizon,
< 0 two horizons.
(2.16)
See Ref. 15) for the more general cases where all of spin parameters are not non-
vanishing, in which there is the possibility that the solution has only a single non-
degenerate horizon.
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2.3. Stationary and axisymmetric black hole solutions
In four, or higher dimensions, stationary and axisymmetric solutions of pure
gravity were studied. It was shown by Weyl17) that in four dimensions, static ax-
isymmetric Einstein equation in vacuum can be reduced the Laplace equation in a
three-dimensional flat metric and further the canonical form of the metric in the four-
dimensional stationary asymmetric pure gravity was derived by Papapetrou.18), 19)
These works were first generalized to higher dimensions (D ≥ 5) by Emparan and Re-
all,20) who showed that in D-dimensional pure gravity with D−2 commuting Killing
vector fields the field equation is given in terms of (D−3) solutions of Laplace equa-
tions in three-dimensional flat space, and are then generalized to stationary cases
by Harmark,21) who derived a canonical form of the metric and also reduced the
Einstein equations to a differential equation on an axisymmetric (D − 2)× (D − 2)
matrix field in the three-dimensional flat space.
Let us consider a D-dimensional spacetime admitting (D−2) commuting Killing
vector fields V(i) (i = 0, · · · ,D − 3). The commutativity of Killing vector fields,
[V(i), V(j)] = 0, enables us to find coordinate system xi (i = 0, · · · ,D − 3), so that
V(i) = ∂/∂x
i and the coordinate components of the metric, become independent of
xi. The condition was given in Refs. 20), 21) that the two-dimensional distribution
orthogonal to (D−2)-Killing vector fields V(i) (i = 0, · · · ,D−3) becomes integrable.
We now recall the following generalized Frobenius theorem on the integrability of
two-planes orthogonal to Killing vector fields:20), 21)
Theorem. Let V(i) (i = 0, · · · ,D − 3) commuting Killing vector fields such that
1. V
[M0
(0) V
M1
(1) · · · V
MD−3
(D−3)∇AV
B]
(i) = 0 holds at at least one point of the spacetime for
a given i = 0, · · · ,D − 3,
2. The tensor V A(i)RA
[BVM0(0) V
M1
(1) · · ·V
MD−3]
(D−3) = 0 holds for all i = 0, · · · ,D − 3,
then the two-planes orthogonal to the Killing vector fields V(i) (i = 0, · · · ,D− 3) are
integrable.
We are now concerned with a stationary axisymmetric black hole spacetime and
hence set the Killing vectors V(0) = ∂/∂t and V(i) = ∂/∂φi (i = 1, · · · ,D − 3) to
be the asymptotic time translation Killing vector fields and the rotational Killing
vectors with closed integral curves, respectively. The condition 2 holds for arbitrary
Ricci-flat spacetime with D − 2 commuting Killing vector fields. Furthermore, the
axial symmetry of at least one of V(i)(i = 1, · · · ,D − 3) implies that the condition 1
also holds on the axis of rotation (fixed points of rotation). Therefore, for any black
hole spacetimes with a rotational axis, the two-dimensional surface orthogonal to
all the commuting Killing vectors turns out be integrable. A D-dimensional asymp-
totically flat black hole space-time has at most only N = [(D − 1)/2] commuting
spacelike Killing vector fields corresponding U(1)N symmetry. Therefore, this theo-
rem cannot be applied to asymptotically flat black hole spacetimes with more than
five dimensions and hence in the following subsections, we will restrict ourselves to
five-dimensional asymptotically flat solutions.
It has been shown that for any Ricci-flat space-time withD−2 commuting Killing
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vector fields V(i) = ∂/∂x
i from condition of Theorem, one can find a coordinate
systems such that the metric takes the canonical form
ds2 = gijdx
idxj + e2ν(dρ2 + dz2), (2.17)
with
ρ =
√
|detgij |, (2.18)
where the metric components gij = gij(ρ, z) and ν = ν(ρ, z) depend on only ρ and
z. In terms of the canonical coordinates, the vacuum Einstein equation Rij = 0 is
written as
U,ρ + V,z = 0, (2.19)
ν,ρ = − 1
2ρ
+
1
8ρ
Tr
(
U2 − V 2) , (2.20)
ν,z =
1
4ρ
Tr (UV ) , (2.21)
where the (D − 2)× (D − 2) matrices U and V are defined in terms of the (D − 2)-
metric g = (gij) by
U = ρg,ρg
−1, V = ρg,zg−1. (2.22)
The integrability of ν,ρz = ν,zρ is assured by Eq. (2.19). For the special case when all
the D−2 Killing vector fields are orthogonal to each other (when the (D−2)-metric
has a diagonal form), the canonical form of the metric is reduced to the generalized
Weyl solutions, studied earlier by Emparan and Reall,20)
ds2 = −e2U0dt2 +
D−3∑
i=1
e2Ui(dxi)2 + e2ν(dρ2 + dz2), (2.23)
D−3∑
i=0
Ui = ln ρ, (2.24)
where the (D − 2) functions Ui(ρ, z) (i = 0, · · · ,D − 3) are axisymmetric solutions
of a Laplace equation in an abstract three-dimensional flat space (namely, ds2 =
dρ2 + dz2 + ρ2dϕ2), which is written in the form:
∂2Ui
∂ρ2
+
1
ρ
∂Ui
∂ρ
+
∂2Ui
∂z2
= 0. (2.25)
Eqs.(2.20) and (2.21) are written as
ν,ρ = − 1
2ρ
+
ρ
2
D−3∑
i−0
[
(Ui,ρ)
2 − (Ui,z)2
]
, (2.26)
ν,z = ρ
D−3∑
i=0
Ui,ρUi,z. (2.27)
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From the condition (2.18), it immediately turns out that a (D − 2)-metric gij
has at least one zero eigenvalue on the z-axis (ρ = 0). As shown in Ref. 21), for
regular solutions, (by which we here mean that naked curvature singularities do not
exist), the matrix gij(0, z) do not have more than one zero eigenvalue except at
isolated points. Let ak (k = 1, · · · , n) (a1 < a2 < · · · < an) be the isolated points,
which then divide the z-axis into the n + 1 intervals [−∞, a1], [a1, a2], · · · , [an,∞].
The line intervals [ak−1, ak] (k = 1, · · · , n + 2, a0 = −∞, an+1 =∞) are called rods
of the solution. In general, a rod [z1, z2] such that both of z1 and z2 are finite is
called finite rod, a rod [z1, z2] with either z1 = −∞ or z2 =∞ is called semi-infinite
rod, and further an infinite interval [−∞,∞] is said to be infinite rod. Let v(k)
be an eigenvector (so-called rod vector) associated with a zero eigenvalue for a rod
[ak−1, ak], namely,
gij(0, z)v
j
(k) = 0 for z ∈ [ak−1, ak]. (2.28)
When the signature of limρ→0 gij(ρ, z)vivj/ρ2 is positive, or negative, the rod is said
to be timelike, or spacelike. In general, a timelike rod corresponds to a horizon
(points where a certain linear combination of the Killing vectors ∂/∂t+
∑
iΩi∂/∂φi
becomes null, where the constants Ωi (i = 1, . . . ,D − 3) correspond to the angular
velocity of a horizon along ∂/∂φi) and a spacelike rod corresponds to a rotational
axis ( fixed points of an action of a rotational Killing vector). Such a set of rods
assigned a corresponding rod vector, {[ak−1, ak], v(k) | k = 1, · · · , n + 1} is said to
be rod structure of solutions.20), 21)
Considering the rod structure helps us understand the properties of the solutions
such as the global structure or the horizon topology, in particular, it was shown by
Hollands and Yazadjive22) that under symmetry assumptions R × U(1) × U(1), a
five-dimensional asymptotically flat black hole spacetime is uniquely determined by
the asymptotic conserved charges and rod structure [See Ref. 22) for the precise
statement.]. Therefore, recently, the concept of the rod structure has been used for
constructing physically interesting exact solutions of black holes, combined with the
solution-generation techniques.
2.4. Vacuum black hole solutions in five dimensions
The topology theorems23)–25) yield that in five-dimensions, cross-sections of the
event horizon must be topologically either a sphere, a ring, and a lens-space or their
connected sums. Hollands and Yazadjive22) showed under symmetry assumptions
R×U(1)×U(1), the horizon topology is restricted to either a sphere, a ring, or a lens-
space. The first corresponds to the five-dimensional Schwarzschild-Tangherlini16)
solution, or Myers-Perry solution,15) and the second corresponds to the black ring
solution.5), 6), 26), 27) The third is called black lens, which have been not yet found as
a regular solution. Note that black hole solutions with lens space topologies were
considered in earlier works (for example, see Refs. 28), 29) such as Kaluza-Klein
black holes but all of these are non-asymptotically flat. In this subsection, we review
exact solutions of asymptotically flat black holes in five dimensions which belong to
a class of stationary, axisymmetric vacuum solutions in the above sense.
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2.4.1. Black rings with S1-rotation
As is well known, as for the asymptotically flat, static vacuum black hole solu-
tions of higher-dimensional Einstein equations, the Schwarzschild-Tangherlini solu-
tion16) is the unique solution,30) which is common to the four-dimensional case.31)–33)
However, this uniqueness for black holes no longer holds for the five-dimensional
asymptotically flat, stationary spacetime since Emparan and Reall26) discovered the
rotating black ring solution whose topology is diffeomorphic to S1 × S2 in addition
to the rotating black hole solution with S3 horizon topology found by Myers and
Perry.15) Actually, as shown by Emparan and Reall,26) there exist three different
stationary black hole solutions in five dimensions, a thin black ring, a fat ring and
a black hole, for the same mass and angular momentum within a certain parameter
region.
To keep a balance against its self-gravitational attractive force by centrifugal
force, the black ring must be rotating along the S1 direction. The metric of the
black ring rotating along the S1 direction (which is labeled by the angular coor-
dinate ψ given below) can be written in terms of several convenient coordinate
systems.21), 26), 34) In the C-metric coordinates, the metric of the Emparan-Reall
solution is given by
ds2 = −F (y)
F (x)
(
dt− CR1 + y
F (y)
dψ
)2
+
R2F (x)
(x− y)2
[
−G(y)
F (y)
dψ2 +
G(x)
F (x)
dφ2 +
dx2
G(x)
− dy
2
G(y)
]
, (2.29)
where the functions F and G are defined by
F (ξ) = 1 + λξ, G(ξ) = (1− ξ2)(1 + νξ), (2.30)
and the constant C is
C =
√
λ(λ− ν)1 + λ
1− λ. (2
.31)
The (x, y) coordinates have the range of
− 1 ≤ x ≤ 1, −∞ < y ≤ −1, (2.32)
and the parameters lie in the range
0 < ν ≤ λ < 1. (2.33)
This black ring spacetime admits three mutually commuting Killing vectors, sta-
tionary Killing vector field ∂t, and two independent axial Killing vectors ∂ψ, ∂φ with
closed integral curves. It turns out that there exists no closed timelike curves in the
domain of outer communication. Three parameters, R, ν and λ, are not indepen-
dent, which comes from the requirement for the absence of the conical singularities.
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To avoid conical singularities at the ψ-axis (y = −1) and the outer φ-axis (x = −1),
the coordinates ψ and φ must have periodicity of
∆φ = ∆ψ = 2π
√
1− λ
1− ν . (2
.34)
This condition also assures that the spacetime is asymptotically flat. However, even
though this condition is satisfied, in general, the spacetime still possesses a disc-
shaped conical defect at the inner axis (x = 1) of the black ring. Therefore, the
absence of conical singularities at the inner axis (x = 1) should be required, which
imposes the angular coordinate φ on the periodicity of
∆φ = 2π
√
1 + λ
1 + ν
. (2.35)
Hence, combining (2.34) and (2.35), one finds that regularity requires that the pa-
rameters must satisfy
λ =
2ν
1 + ν2
. (2.36)
This can be interpreted as equilibrium (balance) condition for a black ring, namely,
its radius of the ring is dynamically fixed by the balance between the centrifugal and
tensional forces.
Unlike the rotating black holes, the rotating black ring spacetime has only a
single horizon at y satisfying G(y) = 0, namely y = −1/ν. This solution has two
non-vanishing charges, the mass and angular momentum which are given by
M =
3πR2
4G
λ
1− ν , Jψ := J1 =
πR3
2G
√
λ(λ− ν)(1 + λ)
(1− ν)2 . (2
.37)
The ergosurface is at y = −1/λ where F (y) = 0.
2.4.2. Black rings with S2 rotation
The black ring solution with S2 rotation was first found by Mishima and Iguchi5)
by the solitonic method and thereafter derived by Figueras6) independently by the
different approach. From the discussion of the uniqueness22)∗), it is now clear that
two solutions coincides with each other, but the metric can be written in terms
of quite different coordinates. In the former, the prolate spherical coordinates are
used, while in the latter, the C-metric coordinates are used. Since the latter form
is simpler for expressing a black ring, we here follow the work of Figueras (one can
also find the expression in terms of the canonical coordinates in Ref. 35)). In terms
of C-metric coordinates, the metric for the S2 rotating black ring is written as
ds2 = −H(λ, x, y)
H(λ, x, y)
(
dt− λay(1− x
2)
H(λ, y, x)
dφ
)2
+R2
H(λ, x, y)
(x− y)2
[
(1− x2)F (λ, y)
H(λ, y, x)
dφ2
∗) Note that the existence of conical singularities does not affect the proof of the uniqueness as
boundary value problem. See also Ref. 36).
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−(1− y
2)F (λ, x)
H(λ, x, y)
dψ2 +
dx2
(1− x2)F (λ, x) −
dy2
(1− y2)F (λ, y)
]
, (2.38)
where the functions, F and H, are
F (λ, ξ) = 1 + λξ +
a2ξ2
R2
, H(λ, ξ, η) = 1 + λξ +
a2ξ2η2
R2
, (2.39)
and the ranges of (x, y) are the same as those of the Emparan-Reall solution, namely,
−1 ≤ x ≤ 1, −∞ < y ≤ −1. The outer horizon and inner horizon exist at y satisfying
F (λ, y) = 0,
y = y± :=
−λ±
√
λ2 − 4a2/R2
2a2/R2
. (2.40)
From the requirement for the absence of closed timelike curves in the domain of
outer communication and the existence of the two horizons, the parameters should
satisfy
2a
R
< λ < 1 +
a2
R2
. (2.41)
The condition that there is no conical singularity at the ψ-axis ( y = −1) and outer
φ-axis (x = −1) turns to be
∆φ = ∆ψ =
2π√
1− λ+ a2/R2 . (2
.42)
Furthermore, this condition at the inner axis (x = 1) is
∆φ =
2π√
1 + λ+ a2/R2
. (2.43)
Note that these two conditions (2.42) and (2.43) cannot be satisfied at the same time,
which means that the existence of canonical singularity cannot be avoided and as a
result if one assumes asymptotic flatness, there necessarily exist conical singularities
at the inner axis (x = 1) to support the horizon.
The mass and non-vanishing angular momentum are given by
M =
3πR2
4G
λ
1− λ+ a2/R2 , Jφ := J2 = −
πR2
G
λa
(1− λ+ a2/R2)3/2 . (2
.44)
2.4.3. Black rings with two independent angular momenta
The five-dimensional vacuum solution which describes balanced doubly rotating
black rings with two independent angular momenta was found by Pomeransky and
Sen’kov.27) This solution can be obtained from the more general unbalanced black
ring solution by imposing conical free condition (since the expression of the metric is
much more complicated and lengthy, we do not write it here. Readers can find it in
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Ref. 36)). In terms of the (x, y) coordinates, the metric of the Pomeransky-Sen’kov
black ring solution is written
ds2 = −H(y, x)
H(x, y)
(dt+Ω)2 − F (x, y)
H(y, x)
dψ2 − 2 J(x, y)
H(y, x)
dφdψ +
F (y, x)
H(y, x)
dφ2
+
2k2H(x, y)
(x− y)2(1− ν)2
(
dx2
G(x)
− dy
2
G(y)
)
, (2.45)
where the 1-form Ω is given by
Ω = −2kλ
√
(1 + ν)2 − λ2
H(y, x)
[√
ν(1− x2)ydφ
+
(1 + y)dψ
(1− λ+ ν)(1 + λ− ν + ν(1− λ− ν)x2y + 2νx(1− y)
]
, (2.46)
and, the functions, G(x), H(x, y), J(x, y), F (x, y), are defined by
G(x) = (1− x2)(1 + λx+ νx2), (2.47)
H(x, y) = 1 + λ2 − ν2 + 2λν(1− x2)y + 2λx(1− ν2y2)
+ν(1− λ2 − ν2)x2y2, (2.48)
J(x, y) =
2k2λ
√
ν(1− x2)(1 − y2)
(x− y)(1− ν)2 (1 + λ
2 − ν2 + 2λν(x+ y)
−νxy(1− λ2 − ν2)), (2.49)
F (x, y) =
2k2
(1− ν)2(x− y)2
[
G(x)(1 − y2){((1 − ν)2 − λ2)(1 + ν)
+λ(1− λ2 + 2ν − 3ν2)y}+G(y){2λ2 + λ((1− ν)2 + λ2)x
+((1− ν)2 + λ2)(1 + ν)x2 + λ(1− λ2 − 3ν2 + 2ν3)x3
−ν(1− ν)(λ2 + ν2 − 1)x4}
]
. (2.50)
The two coordinates, x, y, run the ranges of −1 ≤ x ≤ 1 and −∞ < y ≤ −1, respec-
tively. The solution has three independent parameters satisfying the inequalities
0 ≤ ν < 1, 2√ν ≤ λ < 1 + ν, k > 0. (2.51)
The horizons, an inner horizon and an outer horizon, exist at the roots of the
equation G(y) = 0, i.e.,
νy2 + λy + 1 = 0. (2.52)
As seen from (2.52), when λ→ 2√ν, the outer horizon and inner horizon degenerate
and hence this corresponds to the extremal limit. The other limit ν → 1 and λ→ 2
corresponds to the extremal Myers-Perry solution.
The ADM mass and two angular momenta are given by
M =
3πk2
G
λ
1 + ν − λ, Jφ =
4πk3
G
λ
√
ν((1 + ν)2 − λ2)
(1 + ν − λ)(1 − ν)2 , (2
.53)
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Jψ =
2πk3
G
λ(1 + λ− 6ν + νλ+ ν2)
√
(1 + ν)2 − λ2
(1 + ν − λ)2(1− ν)2 , (2
.54)
which are bounded as
j2φ :=
27πJ2φ
32GM3
≤ 1
16
, j2ψ :=
27πJ2ψ
32GM3
≥ 9
16
. (2.55)
As discussed in Ref. 11), (see Fig. 1), when j2φ < 1/25, the solution has two branches
for fixed jφ, the thin ring branch and the fat ring branch, while when 1/25 ≤ j2φ <
1/16, only the thin ring exists in contrast to the Emparan-Reall black ring.26)
Fig. 1. Phase diagrams for the doubly spinning black ring presented in
Ref. 11): The horizon area AH (vertical axis) vs. the angular mo-
mentum j2ψ (horizontal axis). The dark gray curve corresponds to the
phase of the Emparan-Reall black ring with jφ = 0, which has a cusp
where for the fixed jφ, jψ is minimized and the area is maximized
and therefore there are two branches, the thin ring and the fat ring
for the same mass M and angular momentum Jψ. Each light gray
curve shows branches of constant jφ 6= 0. As jφ is increased, the cusp
moves to the left, and disappears at jφ = 1/5 and hence there exist
only thin ring. Each jφ =constant curve ends at the solid curve and
dashed curve. The solid curve and dashed curve shows the extremal
black ring solution which can be obtained by the limit λ → 2√ν and
the extremal Myers-Perry solution, respectively.
2.4.4. Black lenses
Evslin7) first tried to construct an asymptotically flat static black lens solution,
and however, found that there necessarily exist naked curvature singularities sur-
rounding each of the two junctions where the spacelike rods meet. Moreover, he
guessed that these singularities may be resolved by making the black lens rotate.
Using the inverse scattering method, Chen and Teo8) tried to construct a rotating
black lens solution with a single angular momentum, as a result, however, it turned
that there must be either conical singularities or naked curvature singularities in the
space-time.
The metric of the rotating black lens solution8) is given by
ds2 = −H(y, x)
H(x, y)
(dt+ ω)2 − F (x, y)
H(y, x)
dφ2 − 2 J(x, y)
H(y, x)
dφdψ +
F (y, x)
H(y, x)
dψ2
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+
k2H(x, y)
2(1− a2)(1− b)3(x− y)2
(
dx2
G(x)
− dy
2
G(y)
)
, (2.56)
where the 1-form ω is
ω =
2κ
H(y, x)
√
2b(1 + b)(b− c)
(1− a2)(1 − b) (1− c)(1 + y) (2
.57)
×
[{
2(1 − b− a2(1 + bx))2(1− c)− a2(1− a2)b(1− b)(1 − x)(1 + cx)(1 + y)} dψ
+ a(1 + x)
{
a4(1− c)(1 + b)(b− c) + a2(1− b)(−b+ cb+ 2c)− (1− b)2c} dφ],
and the functions, G,H,F and J , are
G(x) = (1− x2)(1 + cx) ,
H(x, y) = 4(1− b)(1 − c)(1 + bx){(1 − b)(1− c)− a2[(1 + bx)(1 + cy)
+(b− c)(1 + y)]}+ a2(b− c)(1 + x)(1 + y)
×[(1 + b)(1 + y){(1 − a2)(1 − b)c(1 + x) + 2a2b(1 − c)}
−2b(1− b)(1− c)(1 − x)] ,
F (x, y) =
2κ2
(1− a2)(x− y)2
[
4(1− c)2(1 + bx){1 − b− a2(1 + bx)}2G(y)
− a2G(x)(1 + y)2
[
{1− b− a2(1 + b)}2(1− c)2(1 + by)
−(1− a2)(1− b2)(1 + cy){(1 − a2)(b− c)(1 + y)
+{1− 3b− a2(1 + b)}(1 − c)}
]]
,
J(x, y) =
4κ2a(1− c)(1 + x)(1 + y)
(1− a2)(x− y) {1− b− a
2(1 + b)}{(1 − b)c+ a2(b− c)}
× {(1 + bx)(1 + cy) + (1 + cx)(1 + by) + (b− c)(1 − xy)} . (2.58)
The coordinates x, y take the range −1 ≤ x ≤ 1, −1/c ≤ y ≤ −1. The parameters
satisfy 0 < c ≤ b < 1 and −1 < a < 1 and to obtain a black lens with horizon
topology L(n, 1), they must satisfy
2a[(1 − b)c+ a2(b− c)]
[1− b− a2(1 + b)](1 − c) = n , (2
.59)
with a natural number n. The rod of this solution can be decomposed into four
parts: (i) x = −1: the outer φ-axis with the rod vector v = (0, 1, 0), (ii) y = −1/c:
the event horizon, (iii) x = 1: the inner φ-axis with the rod vector v = (0, 1, n),
(iv) y = −1: the ψ-axis with the rod vector v = (0, 0, 1). From (i) and (ii), one can
see that the topology of the horizon is the lens space L(n; 1). The condition for the
absence of conical singularities at x = 1 is
m2 ≡ (1− a
2)2(1− b)3(1 + c)2
[1− b− a2(1 + b)]2(1 + b)(1 − c)2 = 1 . (2
.60)
The region which satisfies n > 0 can be decomposed into two regions, −1 < a <
−
√
(1− b)/(1 + b) and 0 < a <
√
(1− b)/(1 + b). In the former region, the condi-
tion (2.60) can be satisfied only when n = 2 but naked curvature singularities always
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appear around the point (x, y) = (1,−1). In the latter region, this condition cannot
be satisfied but there do not exist any naked curvature singularities. This is why this
solution has either naked curvature singularities in the exterior region of the hori-
zon, or conical singularities at the inner axis. However, this does not immediately
means that there exists no black lens solution. Note that there may be a black lens
solution with a rod structure different from the above solution, or there may exist a
less symmetric black lens solution with only R × U(1), since the inverse scattering
method they used to construct the above solution requires that a spacetime must
have R× U(1) × U(1) symmetry.
2.5. Multiple-black hole solutions
In five dimensions, multiple-black hole solutions exist as asymptotically flat,
stationary, regular, vacuum solutions, which makes contrast to the four-dimensional
case since in four dimensions multi-Kerr black hole solution is well known but conical
singularities cannot be avoided between each black holes.37)–40) In fact, at least, as
for a double black hole system, it has been shown that any configurations of multi-
black hole in equilibrium are not admitted by considering boundary value analysis
for multi-black holes.41) This strongly suggests that in four dimensions, the repulsion
caused by the spin-spin interaction42) between rotating black holes is not enough to
balance each black hole against gravitational attraction. However, with the help
of the recent development of solitonic method, in five-dimensional Einstein theory,
some multiple-black hole solutions called black saturn, black di-ring and bicycling
black ring have been constructed one after another. Here we provide the brief review
on these solutions and summarize their novel properties.
2.5.1. Black saturn
The black saturn solution describes a rotating black hole surrounded by a con-
centric rotating black ring. In terms of the canonical coordinates, the metric of the
black saturn solution9) is given by
ds2 = −Hy
Hx
{
dt+
(
ωψ
Hy
+ q
)
dψ
}2
+Hx
{
k2 P
(
dρ2 + dz2
)
+
Gy
Hy
dψ2 +
Gx
Hx
dφ2
}
, (2.61)
where the functions, ωψ, Gx, Gy, P , Hx, Hy, are
ωψ = 2
c1R1
√
M0M1 − c2R2
√
M0M2 + c
2
1 c2R2
√
M1M4 − c1 c22R1
√
M2M4
F
√
Gx
,(2.62)
Gx =
ρ2µ4
µ3 µ5
, Gy =
µ3 µ5
µ4
, P = R234R15R45, (2.63)
Hx = F
−1
[
M0 + c
2
1M1 + c
2
2M2 + c1 c2M3 + c
2
1c
2
2M4
]
, (2.64)
Hy = F
−1 µ3
µ4
[
M0
µ1
µ2
− c21M1
ρ2
µ1 µ2
− c22M2
µ1 µ2
ρ2
+ c1 c2M3 + c
2
1c
2
2M4
µ2
µ1
]
,(2.65)
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with the functions
M0 = µ2 µ
2
5D213D224R212R214R223 , (2.66)
M1 = µ
2
1 µ2 µ3 µ4 µ5 ρ
2D212D224D215R223 , (2.67)
M2 = µ2 µ3 µ4 µ5 ρ
2D212D213R214R225 , (2.68)
M3 = 2µ1µ2 µ3 µ4 µ5D13D15D24R11R22R14R23R25 , (2.69)
M4 = µ
2
1 µ2 µ
2
3 µ
2
4D215R212R225 , (2.70)
and
F = µ1 µ5D213D224R23R14R24R25R35
5∏
i=1
Rii . (2.71)
Here the functions, µi, Ri and Rij , are defined by
µi =
√
ρ2 + (z − ai)2 − (z − ai), (2.72)
Ri =
√
ρ2 + (z − ai)2, Rij = ρ2 + µiµj, Dij = µi − µj, (2.73)
and ai(i = 1, · · · , 5), c1, c2, q and k are constants, satisfying the inequalities a1 <
a5 < a4 < a3 < a2.
The above solution apparently has nine parameters, (ai, c1, c2, q, k) but all of
these are not independent. Following the discussion in Ref. 9), we now summarize
the number of physically meaning parameters. As well known, in the canonical
coordinate system, there is the degrees of freedom in the choice of the coordinate z,
i.e., degrees of freedom with respect to shift translation z → z+α, which means that
using this can reduce the five parameters, ai, to four. To fix this gauge and extract
a scale, according to Ref. 9), let us here define the dimensionless coordinate z¯ by
z = L2z¯ + a1, (2.74)
and introduce the dimensionless parameters by
κi =
ai+2 − a1
L2
, c¯2 =
c2
c1(1− κ2) (i = 1, 2, 3). (2
.75)
where L2 := a2−a1 is a overall scale. Here, the constants ki are ordered as 0 < κ3 <
κ2 < κ1 < 1.
(i) Asymptotic flatness: The constants k and q are determined so that the space-time
satisfies asymptotic flatness as
k =
1
|1 + κ2c¯2| , q =
√
2κ1κ2(a2 − a1)
κ3
c¯2
1 + κ2c¯2
. (2.76)
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(ii) Regularity: Curvature singularities appears at (ρ, z¯) = (0, 0) (i.e., (ρ, z) = (0, a1))
on the rod, but this can be removed by imposing the following condition on the
parameters.
|c1| = L
√
2κ1κ2
κ3
. (2.77)
After imposing this condition on the parameters, the rod structure of the above black
saturn solution can be summarized as follows:
• The semi-infinite spacelike rod (−∞, κ3] with the rod vector v = (0, 1, 0), which
corresponds to the φ-axis. To avoid conical singularities on ρ = 0, z¯ ∈ (−∞, κ1],
i.e., to assure asymptotic flatness, the angular coordinate φ should the period
△φ = 2π.
• The finite timelike rod [κ3, κ2] with the rod vector v = (1, 0, ΩBRψ ) corresponds
to the horizon of a black ring which has the S1 parameterized by the angular
coordinate ψ and the S2 by the coordinates (z, φ), where ΩBRψ denotes the
angular velocities along the S1-direction (the ψ-direction) of the rotating black
ring and is explicitly written as
ΩBRψ =
1 + κ2 c¯2
L
√
κ1κ3
2κ2
κ3 − κ2(1− κ3)c¯2
κ3 − κ3(κ1 − κ2)c¯2 + κ1κ2(1− κ3)c¯22
. (2.78)
• The finite spacelike rod [κ2, κ1] with the rod vector (0, 1, 0), which corresponds
to the φ-axis between the black hole and the black ring.
• The finite timelike rod [κ1, 1] with the rod vector v = (1, 0, ΩBHψ ) corresponds
to the horizon of a black hole, where ΩBHψ denotes the angular velocity along
the ψ-direction of the rotating black hole and are written as
ΩBHψ =
1 + κ2 c¯2
L
√
κ2κ3
2κ1
κ3(1− κ1)− κ1(1− κ2)(1− κ3)c¯2
κ3(1− κ1) + κ1κ2(1− κ2)(1− κ3)c¯22
. (2.79)
• The semi-infinite spacelike rod [1,∞) with the rod vector v = (0, 0, 1). To avoid
conical singularities on ρ = 0, z¯ ∈ [κ5,∞), i.e., to assure asymptotic flatness,
the angular coordinate ψ should the period △ψ = 2π.
(iii) Balance condition: Even if the condition (2.85) is satisfied, in general, the
solution is still not regular, i.e., conical singularities exist the φ-axis between the
black hole and the black ring. The existence of conical singularities can be avoid if
the parameters satisfy the equation:
c¯2 =
1
κ2
[
ǫ
κ1 − κ2√
κ1(1− κ2)(1− κ3)(κ1 − κ3)
− 1
]
, (2.80)
with {
ǫ = +1 when c¯2 > −κ−12
ǫ = −1 when c¯2 < −κ−12
. (2.81)
Thus, as a result, from regularity and the balance condition, the black saturn
solution has four independent parameters, which roughly corresponds to physical
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degrees of freedom of the mass, angular momentum along the ψ direction for the
black hole and the mass, angular momentum along the S1 direction for the black
ring.
We briefly summarize the physical properties of the balanced black saturn solu-
tion which is studied in Ref. 9).
• Co-rotation and counter-rotation: The black hole and black ring have indepen-
dent angular momenta and therefore they can rotate both in the same direction
(co-rotation) and in the opposite directions (counter-rotation). In particular,
when they are counter-rotating, the total ADM angular momenta measured at
infinity can vanish, which means that in five dimensions, the Schwarzschild-
Tangherlini solution is not the only asymptotically flat vacuum solution with
vanishing angular momenta in to contrast to the four-dimensional case.
• Continuous non-uniqueness: For the same total mass and angular momenta, the
balanced black saturn solution can admit continuous configuration of a black
hole and a black ring. The solution exhibits 2-fold continuous non-uniqueness.
Furthermore, it also exhibits discrete non-uniqueness, i.e., there exists a thin
ring branch and a fat ring branch within a certain parameter region.
• Frame-dragging: For the black saturn, there is mutual gravitational interaction
between the black hole and black ring and hence one has a physically interesting
effect on the other through so-called frame-dragging. For instance, even if the
black hole at the center of the black ring has zero angular momenta, the black
hole can be rotating in the sense that the angular velocity of the black hole is
non-vanishing, which can be considered to be the effect of dragging caused by
the co-rotating black ring (rotational frame-dragging). Further, even if the black
hole has a non-zero angular momentum, the black hole can be non-rotating, i.e.,
the angular velocity of the black hole vanishes, by the effect of dragging caused
by the counter-rotating black ring (counter frame-dragging).
2.5.2. Black di-ring
The black di-ring solution was first discovered by Iguchi and Mishima10) by using
Ba¨cklund transformation, and shortly afterward the solution was re-derived by Evslin
and Krishnan43) by using the inverse scattering method. The two expressions for the
black di-ring solution in Refs. 10) and 43) seem to take quite different forms even
in terms of the same coordinate system. However, they were numerically shown to
be equivalent in Ref. 44), which including their parameter ranges that the regular
solutions should have. We here write down the expression for the metric derived in
Ref. 43).
The metric of the black di-ring solution given in Ref. 43) is written as
ds2 =
X1 + c
2
1X2 + c
2
2X3 + 2c1c2X4 + c
2
1c
2
2X5
µ3µ6∆
dt2
+2
−c1Y1 − c2Y2 + c21c2Y3 + c1c22Y4
∆
dtdψ (2.82)
+
Z1 + c
2
1Z2 + c
2
2Z3 + 2c1c2Z4 + c
2
1c
2
2Z5
µ1µ4∆
dψ2 +
µ3µ6ρ
2
µ2µ5µ7
dφ2
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+
(A1 + c
2
1A2 + 2c1c2A3 + c
2
1c
2
2A4 + c
2
2A5)(dρ
2 + dz2)
µ1µ2µ4µ5D214R13R214R16R17R225R227R34R236R46R47R257
∏7
i=1Rii
,
where the functions, Ai, Xi, Yj , Zi (i = 1, · · · , 5, j = 1, · · · , 4), are defined by
A1 = µ
2
2µ
2
5µ7D214R12R213R15R216R217R23R24R26R234R35R37R45R246R247R56R67,
A2 = µ
2
1µ2µ3µ5µ6µ
2
7ρ
2D212D215R12R214R15R23R24R26R234R35R37R45R246R247R56R67,
A3 = µ1µ2µ3µ4µ5µ6µ
2
7ρ
2D12D15D24D45
×R12R214R15R23R24R26R234R35R37R45R246R247R56R67,
A4 = ρ
8µ21µ
2
3µ
2
4µ5µ
2
6µ
3
7D212D214D215D224D245R12R15R23R24R26R35R37R45R56R67,
A5 = ρ
2µ2µ3µ
2
4µ5µ6µ
2
7D224D245R12R213R214R15R216R217R23R24R26R35R37R45R56R67,
with the functions ∆ ≡ D1 + c21D2 + c22D3 + 2c1c2D4 + c21c22D5,
X1 = −µ1µ4D1, X2 = ρ2µ−11 µ4D2,X3 = ρ2
µ1
µ4
D3, X4 = ρ
2D4, X5 = − ρ
4
µ1µ4
D5,
Y1 = µ
2
2µ
2
5µ7D12D14D15R11R13R14R34R16R246R17R247,
Y2 = µ
2
2µ
2
5µ7D14D24D45R44R213R14R34R216R46R217R47,
Y3 = µ
2
1µ2µ3µ5µ6µ
2
7ρ
4D212D14D24D215D45R44R14R34R46R47,
Y4 = µ2µ3µ
2
4µ5µ6µ
2
7ρ
4D12D14D224D15D245R11R13R14R16R17,
Z1 = µ2µ5µ7D1, Z2 = −µ
2
1µ2µ5µ7
ρ2
D2, Z3 = −µ2µ
2
4µ5µ7
ρ2
D3,
Z4 = −µ1µ2µ4µ5µ7
ρ2
D4, Z5 =
µ21µ2µ
2
4µ7
µ5ρ4
D5,
D1 = µ
2
2µ
2
5D214R213R234R216R246R217R247,
D2 = µ
2
1µ2µ3µ5µ6µ7ρ
2D212D215R214R234R246R247,
D3 = µ2µ3µ
2
4µ5µ6µ7ρ
2D224D245R213R214R216R217,
D4 = µ1µ2µ3µ4µ5µ6µ7ρ
2D12D24D15D45R11R44R13R34R16R46R17R47,
D5 = µ
2
1µ
2
3µ
2
4µ
2
6µ
2
7ρ
8D212D214D224D215D245.
This black di-ring solution apparently includes the nine parameters (ai, c1, c2).
In general, it is not regular and cannot be in equilibrium. As discussed in the black
saturn (the more detail discussion can be found in Refs. 10), 43), 44)), let us count
how many independent parameters the solution has. As mentioned in the black
saturn, to fix the gauge and scale, let us introduce the dimensionless coordinate z¯
and the dimensionless parameters κi (i = 1, · · · , 6) by
z = L2z¯ + a1, (2.83)
κi =
ai+1 − a1
L2
, (2.84)
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where L2 := a7−a1 is a overall scale and then they satisfy 0 < κ1 < κ2 < κ3 < κ4 <
κ5 < κ6 < 1.
(i) Regularity: For the above black di-ring solution, in general, there are singularities
z¯ = 0 (z = a1) and z¯ = κ3 (z = a4), where the metric components of gtt and gψψ
blow up and hence they yield curvature singularities just there. To get rid of these,
the parameters must be set
c1 = L
√
2κ2κ5κ6
κ1κ4
, c2 = L
√
2(κ3 − κ2)(κ5 − κ3)(κ6 − κ3)
(κ3 − κ1)(κ4 − κ3) . (2
.85)
After imposing this condition on the parameters, the rod structure of the above
black saturn solution can be summarized as follows:
• The semi-infinite spacelike rod (−∞, κ1] with the rod vector v = (0, 1, 0), which
corresponds to the φ-axis. To avoid conical singularities on ρ = 0, z¯ ∈ (−∞, 0],
the angular coordinate φ should have the period △φ = 2π. By the similar
discussion, for the rod ρ = 0, z¯ ∈ (0, κ1], the periodic of the angular coordinate
φ should be set
∆φ =
2πc1
L
√
κ1κ4
2κ2κ5κ6
. (2.86)
From (2.85), one can see that this yields 2π.
• The finite timelike rod [κ1, κ2] with the rod vector v = (1, 0, ΩBRoutψ ) corre-
sponds to the horizon of a black ring whose has the S1 parameterized by the
angular coordinate ψ and the S2 by the coordinates (z, φ), with ΩBRoutψ denotes
the angular velocity of the outer black ring.
• The finite spacelike rod [κ2, κ4] with the rod vector (0, 1, 0), which corresponds
to the φ-axis between two black rings.
• The finite timelike rod [κ4, κ5] with the rod vector v = (1, 0, ΩBRinψ ) corresponds
to the horizon of a black hole, has the S1 parameterized by the angular coor-
dinate ψ and the S2 by the coordinates (z, φ), with ΩBRinψ denotes the angular
velocity of the inner black ring.
• The semi-infinite spacelike rod [κ6,∞) with the rod vector v = (0, 0, 1). To
avoid conical singularities on ρ = 0, z¯ ∈ [κ5,∞), i.e., to assure asymptotic
flatness, the angular coordinate ψ should the period △ψ = 2π.
(ii) Balance condition: Even under the above conditions (2.85), the black di-ring
cannot be in equilibrium, i.e., there are still conical singularities in ρ = 0, z¯ ∈ [κ2, κ3],
ρ = 0, z¯ ∈ [κ3, κ4] between the two black rings and further in ρ = 0, z¯ ∈ [κ5, κ6], on
the φ-axis of the inner black ring and hence to avoid these singularities, one needs
to impose the following periodicities on the coordinate φ, respectively
∆φ = 2π
|Y + c1c2Z|√
X
= 2π (2.87)
for ρ = 0, z¯ ∈ [κ2, κ3],
∆φ = 2π
|c1U + c2V |√
W
= 2π, (2.88)
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for ρ = 0, z¯ ∈ [κ3, κ4], and
∆φ = 2π
√
κ6(κ6 − κ3)(κ6 − κ2)(κ6 − κ5)
(κ6 − κ1)2(κ6 − κ4)2 = 2π, (2
.89)
for ρ = 0, z¯ ∈ [κ5, κ6], where
X =
4κ24(κ5 − κ2)2(κ6 − κ3)2(κ7 − κ2)2(κ4 − κ3)κ6κ7
(κ4 − κ2)κ5(κ5 − κ3)(κ6 − κ2)(κ7 − κ3) ,
Y = 2(κ3 − κ2)κ5κ6, (2.90)
Z = κ1(κ4 − κ3),
U = κ1(κ5 − κ3)(κ6 − κ3),
V = (κ3 − κ1)κ5κ6, (2.91)
W =
2κ23(κ4 − κ1)2κ5(κ5 − κ2)2(κ5 − κ3)κ6(κ6 − κ1)2(κ6 − κ3)
κ4(κ4 − κ3)(κ4 − κ2)(κ5 − κ1)(κ6 − κ2) .
These apparently seem to yield three constraints for the parameters but only two
are independent, which one can see from the regularity conditions (2.85)∗).
Thus to summarize, from regularity and the balance conditions for the di-ring,
the balanced black di-ring solution turns out to have four independent parameters,
which corresponds to physical degrees of freedom of each mass, each angular mo-
mentum along the S1 direction (labeled by ψ-direction) for two black rings.
2.5.3. Bicycling black rings
The asymptotically flat, stationary vacuum solution which describes two spin-
ning black rings placed in orthogonal independent rotational planes —what is called
bicycling black rings (or, orthogonal black rings)— was presented in Refs. 11), 12)
and therein its detailed analysis was provided. The bicycling black ring solution can
be written as
ds2 = −Hy
Hx
(
dt− ωφ
Hy
dφ− ωψ
Hy
dψ
)2
+H−1y
(
Gx dφ
2 +Gy dψ
2 − 2Jxy dφ dψ
)
+ P Hx
(
dρ2 + dz2
)
, (2.92)
ωψ = c1
R11
µ1
√
µ2 µ4 µ6
µ3 µ7 ρ2
(√
M0M1 + b
2
2
µ7
ρ
√
M2M3
)
, (2.93)
ωφ = b2
Z77
µ7
√
µ1 µ5
µ2 µ4 µ6
(√
M0M2 + c
2
1
ρ
µ1
√
M1M3
)
, (2.94)
P =
µ2R23R25R34R35R36R45R47R56R57R67
µ1 µ45 µ7D437R12R13R14R215R16R17R224R226R27R237R246
∏7
i=1Rii ,
,(2.95)
∗) There seem to be typos in Ref. 43) and hence here we have corrected them.45)
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Hx =
(
M0 + c
2
1M1 + b
2
2M2 − c21 b22M3
)
, (2.96)
Hy =
µ5
µ3
(µ1
µ7
M0 − c21
ρ2
µ1 µ7
M1 − b22
µ1 µ7
ρ2
M2 − c21 b22
µ7
µ1
M3
)
, (2.97)
Gx =
µ1 µ5 ρ
2
µ2 µ4 µ6
(
M0 − c21
ρ2
µ21
M1 + b
2
2M2 + c
2
1 b
2
2
ρ2
µ21
M3
)
, (2.98)
Gy =
µ2 µ4 µ6
µ3 µ7
(
M0 + c
2
1M1 − b22
µ27
ρ2
M2 + c
2
1 b
2
2
µ27
ρ2
M3
)
, (2.99)
Jxy = c1 b2 ρ
2 µ1µ2 µ3 µ4 µ
2
5 µ6D237D47D57D67R11R77R12R13R14
×R215R16R17R27 , (2.100)
M0 = µ4 µ
3
5 µ6 µ7D437R212R213R214R216R217R227 , (2.101)
M1 = ρ
2 µ21 µ2 µ3 µ
2
4 µ5 µ
2
6D217D437R415R217R227 , (2.102)
M2 = ρ
4 µ1 µ2 µ
2
3 µ
2
5 µ7D247D257D267R212R213R214R216 , (2.103)
M3 = ρ
4 µ31 µ
2
2 µ
3
3 µ4 µ6D247D257D267R415R217 . (2.104)
Here the parameters, ai (1, · · · , 7) are ordered as a1 < a2 < a3 < a4 < a5 < a6 < a7.
Let us introduce a scale L =
√
a7 − a1 and the dimensionless parameters defined by
κi =
ai+1 − a1
L2
, (2.105)
and then these turn out to satisfy the inequalities
0 < κ1 < κ2 < κ3 < κ4 < κ5 < 1. (2.106)
(i)Regularity: From regularity, to get rid of singularities which appear at z = a1 and
z = a7 on the rod ρ = 0, the parameters should be set to be
c1 = −L
√
2 κ1 κ2 κ3 κ5
κ4
, b2 = −L (1− κ2)
√
2 (1− κ1)
(1− κ3) (1− κ4) (1− κ5) .(2
.107)
After imposing this condition on the parameters, the rod structure of the bicycling
black rings can be summarized as follows:
• The semi-infinite spacelike rod (−∞, κ1] with the rod vector v = (0, 1, 0). To
avoid conical singularities on ρ = 0, z¯ ∈ (−∞, κ1], i.e., to assure asymptotic
flatness, the angular coordinate φ should the period △φ = 2π.
• The finite timelike rod [κ1, κ2] with the rod vector v = (1, Ω(1)φ , Ω
(1)
ψ ) corre-
sponds to a black ring whose horizon has the S1 parameterized by the angular
coordinate ψ and the S2 by the coordinates (z, φ), where Ω
(1)
φ and Ω
(1)
ψ denote
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the angular velocities along the φ-direction and the ψ-direction of the rotating
black ring, respectively, which are written as
Ω
(1)
φ =
1
L (1− κ2)
√
(1− κ3)(1− κ4)(1− κ5)
2 (1− κ1) , Ω
(1)
ψ =
κ4
L
√
κ1
2κ2 κ3 κ5
.
• The finite spacelike rod [κ2, κ3] with the rod vector (0, 1, 0).
• The finite spacelike rod [κ3, κ4] with the rod vector (0, 0, 1).
• The finite timelike rod [κ4, κ5] with the rod vector v = (1, Ω(1)φ , Ω(1)ψ ) corre-
sponds to a black ring whose horizon has the S1 parameterized by the angular
coordinate φ and the S2 by the coordinates (z, ψ), where Ω
(2)
φ and Ω
(2)
ψ denote
the angular velocities along the φ-direction and the ψ-direction of the rotating
black ring, respectively. They are written as
Ω
(2)
φ =
1− κ2
L
√
(1− κ5)
2 (1− κ1)(1− κ3)(1− κ4) , Ω
(2)
ψ =
1
Lκ4
√
κ1 κ2 κ3
2κ5
.
• The semi-infinite spacelike rod [κ5,∞) with the rod vector v = (0, 0, 1). To
avoid conical singularities on ρ = 0, z¯ ∈ [κ5,∞), i.e., to assure asymptotic
flatness, the angular coordinate ψ should the period △ψ = 2π.
(ii) Balance condition: The absence of conical singularities on the rods ρ = 0, z¯ ∈
[κ2, κ3] and ρ = 0, z¯ ∈ [κ3, κ4], which correspond to the inner φ-axis and ψ-axis
between two orthogonal black rings, requires the following conditions, respectively
1 =
∆φ
2π
=
√
κ3κ5(1− κ1)(κ3 − κ2)(κ4 − κ1)(κ4 − κ2)(κ5 − κ2)
κ4(1− κ2)(κ3 − κ1)(κ5 − κ1) ,
1 =
∆ψ
2π
=
√
κ5(1− κ1)(1− κ3)(κ4 − κ1)(κ4 − κ3)(κ4 − κ2)(κ5 − κ2)
κ4(1− κ2)(κ5 − κ1)(κ5 − κ3) .(2
.108)
These are interpreted as the conditions that the two black rings should keep balance
and prevent each other from collapsing by gravitational attraction. In conclusion,
to summarize, from the requirement for the absence of singularities and conical
singularities, the total number of independent parameters for the balanced bicycling
black ring amounts to be four, which means degrees of freedom of each mass, each
angular momentum along the S1 direction (one has the Komar angular momentum
in the ψ-direction and the other has that in the φ-direction) for two black rings.
Finally, we briefly summarize the physical properties of the balanced bicycling
black ring solution, following Ref. 11).
• Continuous non-uniqueness: The balanced bicycling black rings exhibits 1-fold
non-uniqueness.
• Frame-dragging: As the black saturn does, two black objects interact with each
other gravitationally. The spin along the S1 direction of one black ring make
the S2 of the other black ring rotate, so that unlike the black saturn, each black
ring has two non-vanishing angular velocities by the effect of frame-dragging,
while each black ring has vanishing angular momentum for the S2-rotation.
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2.5.4. Other multiple black holes
In four-dimensional Einstein theory, the multi-Kerr black hole solution is un-
likely to exist. In five dimensions, this is not trivial. In analogy with such multi-black
holes, Tan and Teo13) first considered the configuration of static, asymptotically flat
multi-black holes whose topology is S3 as a solution of the five-dimensional Einstein
equation. They constructed the solution within a class of generalized Weyl solu-
tions but such a solution yields conical singularities between each black hole. There
cannot exist such regular multi-black hole solutions within a class of asymptotically
flat, static, vacuum solution due to the uniqueness theorem for static black holes.
However, in five dimensional rotational case, this is not trivial since the spin-spin
interaction between black holes may be so strong that it can balance gravitational
attraction and prevent each black holes from collapsing one another. Recently, the
work along this line was generalized to the rotational case,14) namely, multi-Myers-
Perry black hole solution with a single angular momentum was considered to con-
struct. However, as shown in Ref. 14), even for the rotational solution, the existence
of conical singularities seems to be unable to be avoided.
§3. Kaluza-Klein black holes
A non-trivial class of exact solutions of Kaluza-Klein black holes is given by
Squashed Kaluza-Klein black holes, where the squashing technique was applied to
five-dimensional black holes. The squashing transformation, which we will focus on
later, has been then recognized as a type of solution generating technique. The idea
is that for, e.g., the simplest static vacuum case, one first views the S3 section (or
horizon manifold) of a five-dimensional Schwarzschild-type black hole spacetime as a
fiber bundle of S1 over S2, and then considers a deformation that changes the ratio of
the radius of the fiber S1 and base S2, so that the resultant spacetime looks, at large
distances, like a twisted S1 over a four-dimensional asymptotically flat spacetime,
hence a Kaluza-Klein spacetime, while it looks like a five-dimensional black hole
near the event horizon. A recent key work along this line is that of Ishihara and
Matsuno,46) who have found static charged Kaluza-Klein black hole solutions in the
five-dimensional Einstein-Maxwell theory by using, for the first time, the squashing
technique. Namely, they view the base manifold S3 of a five-dimensional Reissner-
Nordsto¨m black hole as a fiber bundle over S2 with fiber S1 and then consider a
deformation that changes the ratio of the radius of S2 to that of S1 fiber. It was
shown by Wang47) that the five-dimensional Kaluza-Klein black hole of Dobiasch and
Maison can be reproduced by squashing a five-dimensional Myers-Perry black hole
with two equal angular momenta. Subsequently the Ishihara-Matsuno solution was
generalized to many different cases. For example, a static multi Kaluza-Klein black
hole solution29) was constructed immediately from the Ishihara-Matsuno solution.
A number of further generalizations of squashed Kaluza-Klein black holes has been
made lately48)–52) in the five-dimensional supergravity theories. See, for example,
refs. 28), 53), 54) for the earlier works in supergravities.
As far as the present authors know, the squashing transformation has so far
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been applied only to cohomogeneity-one black hole solutions such as five-dimensional
Myers-Perry black hole solutions with two equal angular momenta and the Cveticˇ-
Youm’s charged black hole solutions with two equal angular momenta. It would be
interesting to consider a generalization of the squashing technique which is applica-
ble to cohomogeneity-two spacetimes such as black ring,26), 27) black holes with two
rotations,15) black lens,55), 56) or even wider class of spacetimes. See Refs.57)–59) for
a cohomogeneity-two class of Kaluza-Klein solutions, which was found by utilizing
another solution-generation-technique, e.g., a transformation by a non-linear sigma
model.
3.1. Kaluza-Klein black hole solutions in Einstein theories
3.1.1. Kaluza-Klein black hole solutions in five dimensions
Let us start from the action of the five-dimensional Einstein theory, which is
given by
S =
1
16πG
∫
d5x
√−gR, (3.1)
where G is the five-dimensional Newton constant. The five-dimensional metric can
be written
ds2 = e
4σ√
3 (dx5 + 2Aµdx
µ)2 + e
− 2σ√
3 gµνdx
µdxν , (3.2)
where gµν (µ, ν = 0, · · · , 3) is a four-dimensional metric. The fifth coordinate x5 is
assumed to have with period 2πL, and furthermore, the size of the fifth dimension,
L, is assumed to be sufficiently small. The low energy theory can be reduced by
considering that the vector ∂x5 is a Killing vector of the five-dimensional spacetime
so that all metric components, gµν , Aµ and σ, do not depend on the coordinate x
5.
The action (3.1), when dimensionally reduced to four dimensions, becomes
S =
∫
dx4
√−g
[
R− 2(∂σ)2 + e2
√
3σF 2
]
, (3.3)
where Fµν = ∂µAν − ∂νAµ. Thus, the effective low energy theory turns out to be
the four-dimensional gravity plus a Maxwell field and a scalar field.
Let us consider the simplest example such that the fifth dimension and the
four-dimensional spacetime is a trivial bundle:
ds2 = (dx5)2 + gµνdx
µdxν , (3.4)
where the four-dimensional metric is a vacuum solution of the four-dimensional Ein-
stein equation. We evidently see that this five-dimensional metric satisfies the five-
dimensional Einstein equation. If the four-dimensional spacetime describes a black
hole, the five-dimensional solution is called a black string solution, and if they are
a twisted non-trivial bundle at infinity, we here call it black hole or black ring, ac-
cording as the spatial topology of the cross section of the horizon is S3 or S1 × S2.
Now let us consider the Lorentz boost in the direction of the fifth dimension,
t→ coshα t+ sinhα x5, x5 → sinhα t+ coshα x5. (3.5)
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Then under the transformation, the five-dimensional metric is also a solution of the
five-dimensional Einstein equation since this is simply a coordinate transformation.
The four-dimensional metric is, however, no longer a solution of the four-dimensional
Einstein equation but a non-trivial solution of the equations derived from the four-
dimensional action (3.3). Therefore, from the point of view of four dimensions, this
transformation yields a non-trivial electric charge, which is called a Kaluza-Klein
(K-K) electric charge. The spatial twist of the four-dimensional metric and the
fifth dimension can yield a magnetic charge, which we call Kaluza-Klein magnetic
monopole.
In the five-dimensional Einstein theory, the black hole solution which has a
K-K electric charge but no K-K magnetic charge, i.e., the boosted Schwarzschild
string solution, was studied by Chodos and Detweiler,60) and then immediately this
solution was generalized to the rotational case by Frolov, Zel’nikov and Bleyler.61)
As mentioned previously, the first non-trivial solution, by which we means that the
Kerr black hole and a Kaluza-Klein circle is twisted, was given by Dobiasch and
Maison,62) who used a transformation by a non-linear sigma model (Recently, this
Dobiasch-Maison solution was re-derived by squashing from the five-dimensional
Myer-Perry with equal angular momenta.47)). The Dobiasch-Maison solution was
studied in detail by Gibbons-Wilshire,63) Pollard64) and Gibbons and Maeda.65)
Furthermore, the most general rotating Kaluza-Klein black hole solution in the
five-dimensional Einstein gravity which has both a K-K electric charge and a K-K
magnetic charge (i.e., a rotating dyonic black hole in the sense of four dimensions)
was constructed by Rasheed,59) who derived the black hole solution by applying the
SL(3, R) transformation to the Kerr string with the mass parameter Mk and rota-
tion parameter a. As shown by Maison,66) the five-dimensional Einstein equation can
be derived from the action describing the three-dimensional gravity-coupled sigma
model with five scalar fields, which is invariant under a global SL(3, R) transforma-
tion. In order to assure the asymptotic flatness in the direction of four dimensions,
the SL(3, R) transformation must be restricted to the special SO(1, 2) transforma-
tion labeled by two boost parameters (α, β). Thus, the generated new Kaluza-Klein
black hole solution is specified by the four parameters, (Mk, a, α, β). The metric is
given by
ds2 =
B
A
(dx5 + 2Aµdx
µ)2 − f
2
B
(dt+ ω0φdφ)
2
+
A
∆
dr2 +Adθ2 +
A∆
f2
sin2 θdφ2, (3.6)
where
A =
(
r − Σ√
3
)2
− 2P
2Σ
Σ −√3M + a
2 cos2 θ +
2JPQ cos θ
(M +Σ/
√
3)2 −Q2 , (3
.7)
B =
(
r +
Σ√
3
)2
− 2Q
2Σ
Σ +
√
3M
+ a2 cos2 θ − 2JPQ cos θ
(M −Σ/√3)2 − P 2 , (3
.8)
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C = 2Q(r −Σ/
√
3)− 2PJ cos θ(M +Σ/
√
3)
(M −Σ/√3)2 − P 2 , (3
.9)
ω0φ =
2J sin2 θ
f2
[
r −M + (M
2 +Σ2 − P 2 −Q2)(M +Σ/√3)
(M +Σ/
√
3)2 −Q2
]
, (3.10)
ω5φ =
2P∆ cos θ
f2
− 2QJ sin
2 θ[r(M −Σ/√3) +MΣ/√3 +Σ2 − P 2 −Q2]
f2[(M +Σ/
√
3)2 −Q2] ,(3
.11)
∆ = r2 − 2Mr + P 2 +Q2 −Σ2 + a2, (3.12)
f2 = r2 − 2Mr + P 2 +Q2 −Σ2 + a2 cos2 θ, (3.13)
2Aµdx
µ =
C
B
dt+
(
ω5φ +
C
B
ω0φ
)
dφ, (3.14)
where Aµ describes the electromagnetic vector potential derived by dimensional re-
duction to four dimension. Here the constants, (M,P,Q, J,Σ), mean the mass,
Kaluza-Klein magnetic charge (so-called NUT charge), Kaluza-Klein electric charge,
angular momentum along four dimension and dilaton charge, respectively, which are
parameterized by the two boost parameters (α, β)
M =
(1 + cosh2 α cosh2 β) coshα
2
√
1 + sinh2 α cosh2 β
Mk, (3.15)
Σ =
√
3 coshα(1− cosh2 β + sinh2 α cosh2 β)
2
√
1 + sinh2 α cosh2 β
Mk, (3.16)
Q = sinhα
√
1 + sinh2 α cosh2 β Mk, (3.17)
P =
sinhβ cosh β√
1 + sinh2 α cosh2 β
Mk, (3.18)
J = cosh β
√
1 + sinh2 α cosh2 β aMk. (3.19)
Note that all the above parameters are not independent since they are related through
the equation
Q2
Σ +
√
3M
+
P 2
Σ −√3M =
2Σ
3
, (3.20)
and the constant Mk is written in terms of these parameters
M2k =M
2 +Σ2 − P 2 −Q2. (3.21)
The constant J is also related to a by
J2 = a2
[(M +Σ/
√
3)2 −Q2][(M −Σ/√3)2 − P 2]
M2 +Σ2 − P 2 −Q2 . (3
.22)
The horizons exist at the values of r which satisfies the quadratic equation ∆ = 0
when the parameters satisfy the inequality
M2 ≥ P 2 +Q2 + a2 −Σ2. (3.23)
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From a four-dimensional point of view, the Rasheed solution describes the most gen-
eral rotating dyonic black hole (in the five-dimensional Einstein theory), and can be
specified by the four parameters (M,J,Q, P ) instead of the parameters (Mk, a, α, β)
and includes the earlier known five-dimensional Kaluza-Klein black hole solutions.
From Table I the reader can see the relation between the five-dimensional Kaluza-
Klein black hole solutions.
M J Q P
Chodos-Detweiler (1982) yes no yes no
Frolov-Zel’nikov-Bleyer (1987) yes yes yes no
Dobiasch-Maison (1982) yes no yes yes
Rasheed (1995) yes yes yes yes
Table I. Classification of Kaluza-Klein black holes in the five-dimensional Einstein theory
3.1.2. Kaluza-Klein black holes in higher dimensions
The above type of Kaluza-Klein solutions were further generalized to higher
dimensions (D ≥ 6) with U(1)n (n ≥ 2) internal isometries ,67), 68) and the general
black holes are parameterized by its mass, n Kaluza-Klein electric charges and n
Kaluza-Klein magnetic monopole charges.68)
3.2. Charged Kaluza-Klein black hole solutions in supergravity
Kaluza-Klein black hole solutions which asymptote to the non-trivial bundle of
the four-dimensional Minkowski space-time and S1 were generalized in the context
of supersymmetric solutions. The first supersymmetric Kaluza-Klein black hole solu-
tion of this type was constructed as a black hole in Taub-NUT space.28), 53) A similar
type of supersymmetric black hole was obtained in Ref. 54) by taking the limit of
a supersymmetric black ring in Taub-NUT space to a black hole but as discussed
in Ref. 54), these solutions differ from each other only in the existence of a mag-
netic charge from the four-dimensional point of view. The further generalizations to
another supergravity, or black strings, or black rings in Taub-NUT space were also
considered by many authors.52), 54), 69)–84)
For non-extremal cases, a similar type of Kaluza-Klein black holes was con-
sidered by Ishihara-Matsuno,46) who have found static charged Kaluza-Klein black
hole solutions in the five-dimensional Einstein-Maxwell theory by using the squash-
ing technique for the five-dimensional Reissner-Nordstro¨m solution. Subsequently
the Ishihara-Matsuno solution was generalized to many different cases in the five-
dimensional supergravity theories. In Ref. 48), the squashing transformation was
applied to the five-dimensional Cveticˇ-Youm charged rotating black hole solution85)
with equal charges and then as a result, an non-extremal charged rotating Kaluza-
Klein black hole solution with the supersymmetric limit28), 53) was obtained. Fur-
thermore, the application of the squashing transformation to non-asymptotically flat
Kerr-Go¨del black hole solutions86)–88) was first considered in Refs. 49)–51). Remark-
ably, although the Go¨del black hole solution as a seed has closed timelike curves in the
far region from the black hole, the black hole solution obtained in the way described
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above have no closed timelike curve in the domain of outer communication. Immedi-
ately, this type of solutions was generalized to multi-black hole solutions.29), 50) These
solutions48), 49), 51) correspond to a generalization of the Ishihara-Matsuno solution to
the rotating black holes in the bosonic sector of the five-dimensional minimal super-
gravity, i.e., in Einstein-Maxwell-Chern-Simons theory with a certain coupling. See
Table II about the relation between the non-compactified solutions and the corre-
sponding squashed (compactified) solutions in the five-dimensional Einstein gravity,
or supergravity.
As mentioned previously, this squashing transformation deforms a cohomogeneity-
one class of solutions such as five-dimensional rotating black holes with equal angular
momenta into a cohomogeneity-one class of Kaluza-Klein type solutions. Note that
rotating black hole solutions with unequal rotations,15) black rings,26), 27) or black
lens55), 56) belong to a cohomogeneity-two class of solutions. Therefore, cohomogeneity-
two Kaluza-Klein black hole solutions such as the Rasheed solution59) cannot be
obtained by using this method. Recently, this Rasheed solution was generalized
to charged cases in the five-dimensional minimal supergravity57), 58) by utilizing the
sigma-model technique for minimal five-dimensional supergravity.89), 90)
Non-compactified solutions Corresponding squashed solutions
Minkowski Gross-Perry-Sorkin monopole (1983)
Myers-Perry solution with equal angular momenta Dobiasch-Maison solution (1982)
BMPV solution Gaiotto-Strominger-Yin solution (2006)
Reissner-Nordstro¨m solution Ishihara-Matsuno (2006)
Cveticˇ-Youm solution with equal charges Nakagawa-Ishihara-Matsuno-Tomizawa (2008)
Go¨del universe rotating GPS monopole (2009)
Kerr-Newman-Go¨del solution Tomizawa-Ishihara-Matsuno-Nakagawa (2009)
Reissner-Nordstro¨m-Go¨del solution Tomizawa-Ishibashi (2008)
Cveticˇ-Youm solution Tomizawa (2010)
Table II. The relation between a cohomogeneity-one class of non-compactified solutions and
squashed solutions: The five-dimensional solutions of Einstein theory, or supergravity in the
right hand side can be obtained by squashing transformation from the corresponding solutions
of the same theory in the left hand side.
Let us consider Kaluza-Klein black hole solutions in the bosonic sector of the
five-dimensional minimal supergravity, i.e., the five-dimensional Einstein-Maxwell-
Chern-Simons theory with a certain coupling, whose action is given by
S =
1
16πG5
∫
d5x
[√−g (R− FMNFMN)+ 2
3
√
3
ǫMNKLPAMFNKFLP
]
,(3.24)
where R is the five dimensional scalar curvature, F = dA is the field strength of
the gauge potential one-form A, and G5 is the five-dimensional Newton constant.
Varying the action (3.24), we derive the Einstein equation
RMN − 1
2
RgMN = 2
(
FMLF
L
N −
1
4
gMNFKLF
KL
)
, (3.25)
30 S. Tomizawa and H. Ishihara
and the Maxwell-Chern-Simons equation
FMN;N +
1
2
√
3
(√−g)−1 ǫMNKLPFNKFLP = 0 . (3.26)
3.2.1. Static electrically charged solution
The static electrically charged Kaluza-Klein black hole solution to the equa-
tions (3.25) and (3.26) was obtained by the squashing from the five-dimensional
asymptotically flat Reissner-Nordstro¨m solution.46) The metric is written
ds2 = −fdt2 + k
2
f
dr2 +
r2
4
[
k
{
(σ1)2 + (σ2)2
}
+ (σ3)2
]
, (3.27)
where f is a function of r defined by
f(r) =
(r2 − r2+)(r2 − r2−)
r4
. (3.28)
k(r)—called the squashing function—is given by
k(r) =
(r2∞ − r2+)(r2∞ − r2−)
(r2∞ − r2)2
, (3.29)
and the gauge potential is
A = ±
√
3
2
r+r−
r2
dt. (3.30)
Here, r± and r∞ are constants, and σi(i = 1, 2, 3) are SU(2) invariant 1-forms
satisfying the relation
dσi =
1
2
Cijkσ
j ∧ σk (3.31)
with C123 = C
2
31 = C
3
12 = 1, C
i
jk = 0 in all other cases. In terms of a coordinate basis,
they are explicitly written as
σ1 = cosψdθ + sinψ sin θdφ, (3.32)
σ2 = − sinψdθ + cosψ sin θdφ, (3.33)
σ3 = dψ + cos θdφ (3.34)
with the coordinates (θ, φ, ψ) having the ranges, 0 ≤ θ < π, 0 ≤ φ < 2π, 0 ≤ ψ < 4π.
The metric has horizons at r = r+ (the outer horizon) and at r = r− (the inner
horizon). Because the metric is apparently singular at r = r∞, the radial coordinate
r should be assumed to move the range 0 < r < r∞. Note here that
1
4
[
(σ1)2 + (σ2)2 + (σ3)2
]
= dΩ2S3 , (3
.35)
(σ1)2 + (σ2)2 = dΩ2S2 (3
.36)
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hold. It is immediate to see that the metric of the five-dimensional Reissner-
Nordstro¨m black hole solution is transformed as dr → k(r)dr, σ1 →
√
k(r)σ1 and
σ2 →
√
k(r)σ2. By this transformation, the metric of the unit round S
3 is deformed
to the metric of a squashed S3 for which the radius of S2 is no longer equal to the
radius of S1. For this reason, this is called the squashing transformation. Taking
the limit of r∞ → ∞ (k(r) → 1) for the above solution (3.27) and (3.30) recovers
the five-dimensional Reissner-Nordstro¨m solution. The point r = r∞ turns out to
correspond to spatial infinity. In order to confirm this, now let us introduce the
following new radial coordinate
ρ = ρ0
r2
r2∞ − r2
, (3.37)
so that r∞ →∞ corresponds to ρ→∞. Here the constant ρ0 is defined by
ρ0 =
f(r∞)r2∞
4
. (3.38)
The new coordinate ρ varies from 0 to when r varies from 0 to r∞. The metric
(3.27) can be rewritten in terms of ρ and T =
√
f(r∞) t as
ds2 = −VdT 2 + K
2
V dρ
2 +R2{(σ1)2 + (σ2)2}+W 2(σ3)2, (3.39)
where
V = (ρ− ρ+)(ρ− ρ−)
ρ2
, K = 1 +
ρ0
ρ
, R2 = ρ2K2, (3.40)
W 2 = (ρ0 + ρ+)(ρ0 + ρ−)K−2 (3.41)
with the constants ρ± defined by
ρ± = ρ0
r2±
r2∞ − r2±
. (3.42)
Near ρ→∞ (r → r∞), the metric turns out to behave as
ds2 ≃ −dT 2 + dρ2 + ρ2(dθ2 + sin2 θdφ2) + r
2
∞
4
(dψ + cos θdφ)2. (3.43)
It is now clear that the metric is asymptotically locally flat and has the structure of
a twisted S1 bundle over the four-dimensional Minkowski space-time.
3.2.2. Kaluza-Klein multi-black holes
The above solution can be generalized to solution with multiple horizons. For a
single extreme black hole, the metric and the gauge potential one-form, which can
be obtained by setting the parameters and the coordinate to be M := ρ+ = ρ−,
N := ρ0 + ρ+ and x
5 := Nψ in (3.39), are written as
ds2 = −H−2dT 2 +Hds2TN, (3.44)
A = ±
√
3
2
H−1dT. (3.45)
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When the Taub-NUT space is described in the form
ds2TN = V
−1 (dρ2 + ρ2dΩ2S2)+ V (dx5 +N cos θdφ)2 , (3.46)
V −1(ρ) = 1 +
N
ρ
, (3.47)
where
0 ≤ x5 ≤ 2πL, (3.48)
the function H is given by
H(ρ) = 1 +
M
ρ
. (3.49)
Here L,M and N are positive constants. Regularity of the spacetime requires that
the nut charge, N , and the asymptotic radius of S1 along x5, L, are related by
N =
L
2
n, (3.50)
where n is a natural number. When we generalize this single black hole solution
(3.44) to the multi-black holes,28), 29) it is natural to generalize the Taub-NUT space
to the Gibbons-Hawking space91) which has multi-nut singularities. The metric form
of the Gibbons-Hawking space is
ds2GH = V
−1 (dx · dx) + V (dx5 + ω)2 , (3.51)
V −1 = 1 +
∑
i
Ni
|x− xi| , (3
.52)
where xi = (xi, yi, zi) denotes position of the i-th nut singularity with nut charge Ni
in the three-dimensional Euclid space, and ω satisfies
∇× ω =∇V −1. (3.53)
We can write down a solution ω explicitly as
ω =
∑
i
Ni
(z − zi)
|x− xi|
(x− xi)dy − (y − yi)dx
(x− xi)2 + (y − yi)2 . (3
.54)
If we assume the metric form with the Gibbons-Hawking space instead of the
Taub-NUT space in (3.44), the Einstein equation and the Maxwell equation reduce
to
△GHH = 0, (3.55)
where △GH is the Laplacian of the Gibbons-Hawking space. In general, it is difficult
to solve this equation, but if one assume ∂/∂x5 to be a Killing vector, as it is for
the Gibbons-Hawking space, then Eq. (3.55) reduces to the Laplace equation in the
three-dimensional Euclid space,
△EH = 0. (3.56)
Exact solutions 33
We take a solution with point sources to Eq. (3.56) as a generalization of Eq.
(3.49), and we have the final form of the metric
ds2 = −H−2dT 2 +Hds2GH, (3.57)
H = 1 +
∑
i
Mi
|x− xi| , (3
.58)
where Mi are constants.
∗)
The induced metric on an intersection of the i-th black hole horizon with a static
time-slice is
ds2Horizon =
LMini
2
[(
dψ
ni
+ cos θdφ
)2
+ dΩ2S2
]
, (3.59)
where 0 ≤ ψ = 2x5/L ≤ 4π. In the case of ni = 1, it is apparent that the i-th black
hole is a round S3. In the case of ni ≥ 2, however, the topological structure becomes
a lens space L(ni; 1) = S
3/Zni .
Let us see the asymptotic behavior of the Kaluza-Klein multi-black hole in the
neighborhood of the spatial infinity ρ→∞. The functions H, V −1 and ω behave as
H(ρ, θ) ≃ 1 +
∑
iMi
ρ
+O
(
1
ρ2
)
, (3.60)
V (ρ, θ)−1 ≃ 1 +
∑
iNi
ρ
+O
(
1
ρ2
)
, (3.61)
ω(ρ, θ) ≃
(∑
i
Ni
)
cos θdφ+O
(
1
ρ
)
. (3.62)
We can see that the spatial infinity possesses the structure of S1 bundle over S2
such that it is a lens space L(
∑
i ni; 1). For an example, in the case of two Kaluza-
Klein black holes which have the same topological structure of S3, the asymptotic
structure is topologically homeomorphic to the lens space L(2; 1) = S3/Z2. From
this behavior of the metric near the spatial infinity, we can compute the Komar mass
at spatial infinity of this multi-black hole system as
MKomar =
3π
2G
L
∑
i
Mi. (3.63)
Since the total electric charge is given by
Qtotal =
∑
i
Qi =
√
3π
G
L
∑
i
Mi, (3.64)
∗) For the special case H = 1/V , the metric (3.57) reduces to the four dimensional Majumdar-
Papapetrou multi-black holes with twisted constant S1. In this special case, Mi are also quantized
as well as nut charges.
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then the total Komar mass and the total electric charge satisfy
MKomar =
√
3
2
|Qtotal|. (3.65)
Therefore, we find that an observer located in the neighborhood of the spatial infinity
feels as if there were a single Kaluza-Klein black hole with the point source with the
parameter M =
∑
iMi and the nut charge N =
∑
iNi.
3.2.3. Charged rotating Kaluza-Klein black holes
The electrically charged solution above was immediately generalized to the ro-
tating case.47), 48) Applying the squashing transformation to the five-dimensional
Cveticˇ-Youm solution85) with equal charges in the bosonic sector of the five-dimensional
minimal supergravity yielded the electrically charged, rotating Kaluza-Klein black
hole solution in the same theory.48) The metric and the gauge potential of the
solution obtained after the squashing transformation are given by
ds2 = −w
h
dt2 +
k2
w
dr2 +
r2
4
[
k{(σ1)2 + (σ2)2}+ h{fdt+ (σ3)2}2
]
, (3.66)
and
A =
√
3q
2r2
(
dt− a
2
σ3
)
, (3.67)
respectively, where the metric functions w, h, f and k are defined as
w(r) =
(r2 + q)2 − 2(m+ q)(r2 − a2)
r4
, (3.68)
h(r) = 1− a
2q2
r6
+
2a2(m+ q)
r4
, (3.69)
f(r) = − 2a
r2h(r)
(
2m+ q
r2
− q
2
r4
)
, (3.70)
k(r) =
(r2∞ + q)
2 − 2(m+ q)(r2∞ − a2)
(r2∞ − r2)2
. (3.71)
In what follows the four parameters (m, q, a, r∞) that specify the above solutions are
assumed to satisfy the following inequalities,
m > 0, (3.72)
q2 + 2(m+ q)a2 > 0, (3.73)
(r2∞ + q)
2 − 2(m+ q)(r2∞ − a2) > 0, (3.74)
(m+ q)(m− q − 2a2) > 0, (3.75)
m+ q > 0. (3.76)
These inequalities are the necessary and sufficient conditions for the spacetime to
admit two Killing horizons and no CTC outside the horizon.
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In the static electrically charged solution,46) the m = ±q case corresponds to a
supersymmetric solution, i.e., the static black hole in Taub-NUT space.28), 53) How-
ever, in the above rotating solution,48) the two cases, m = −q and m = q, de-
scribe different solutions due to the existence of a Chern-Simons term. For either
m = q + 2a2 or m = −q, the outer and inner horizons degenerate, but only the case
of m = −q corresponds to a supersymmetric Kaluza-Klein black hole solution.28), 53)
3.2.4. Squashed Go¨del black holes
The application of the squashing transformation to non-asymptotically flat Kerr-
Go¨del black hole solution86) which has closed timelike curves in the far region from
the black hole, was also considered in Ref. 49), and as seen later, remarkably, the
resulting squashed spacetime turns out to have no closed timelike curve. Before
considering such black hole solution in the Go¨del universe background, let us start
from seeing the properties of the squashed Go¨del universe.
Rotating GPS monopole: We shall briefly review the results of49) concerning the
rotating Gross-Perry-Sorkin (GPS) monopole, which is one of the simplest solutions
in five-dimensional Einstein-Maxwell-Chern-Simons theories. We begin with the five-
dimensional Go¨del universe since the rotating GPS monopole solutions are obtained
by applying the squashing transformation to the five-dimensional supersymmetric
Go¨del universe. We then discuss some basic properties of the rotating GPS monopole,
in particular, its asymptotic structure and the existence of an ergoregion.
Then, as a solution, we have the following metric and the gauge potential one-
form, respectively,
ds2 = −(dt+ jr2σ3)2 + dr2 + r
2
4
{
(σ1)2 + (σ2)2 + (σ3)2
}
(3.77)
and
A =
√
3
2
jr2σ3, , (3.78)
with the coordinates r having the range 0 < r <∞. The parameter, j, is called the
Go¨del parameter. The norm of the Killing vector ∂ψ becomes negative in the region
of r > 1/(2|j|) with the signature remaining Lorentzian, and therefore this solution
admits closed timelike curves (CTCs), as the four-dimensional Go¨del universe does.
The metric, Eq. (3.77), is completely homogeneous as a five-dimensional spacetime,
just like the four-dimensional Go¨del universe is so in the four-dimensional sense.
While the four-dimensional Go¨del universe is a spacetime filled with a pressureless
perfect fluid balanced with a negative cosmological constant, the five-dimensional
Go¨del universe given above, Eqs. (3.77) and (3.78), is filled with a a configuration of
gauge field.
The rotating GPS monopole solution is given by the following metric and the
gauge potential one-form:
ds2 = −(dt+ jr2σ3)2 + k2dr2 + r
2
4
[
k{(σ1)2 + (σ2)2}+ (σ3)2] , (3.79)
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A =
√
3
2
jr2σ3 , (3.80)
where the squashing function k(r) is given by
k(r) =
r4∞
(r2∞ − r2)2
. (3.81)
It is immediate to see that the metric of the Go¨del universe, Eq. (3.77), is transformed
as dr → k(r)dr, σ1 →
√
k(r)σ1 and σ2 →
√
k(r)σ2.
Now let us introduce the following new radial coordinate
ρ =
r∞r2
2(r2∞ − r2)
, (3.82)
so that r → r∞ corresponds to ρ → ∞. Then, the metric and the gauge potential
one-form can be rewritten, respectively, as
ds2 = −
{
dt+ 4jρ20
(
1 +
ρ0
ρ
)−1
σ3
}2
+
(
1 +
ρ0
ρ
)[
dρ2 + ρ2{(σ1)2 + (σ2)2}]+ ρ20
(
1 +
ρ0
ρ
)−1
(σ3)2 , (3.83)
A = 2
√
3ρ20j
(
1 +
ρ0
ρ
)−1
σ3 , (3.84)
where we have also introduced the constant ρ0 = r∞/2.
In this spacetime, depending on the choice of parameter range, we suffer from
causality violation due to the existence of closed timelike curves (CTCs). (Recall
that σ3 in the first term of the above metric includes the periodic coordinate ψ.) To
cure this, we hereafter restrict the range of the parameters (j, ρ0) as
j2 <
1
16ρ20
, ρ0 > 0 . (3.85)
When the Go¨del parameter is j = 0, the metric, Eq. (3.83), coincides with the
static GPS monopole solution given originally in Ref.92) In this case it is immediate
to see that the point of ρ = 0 is a fixed point of the Killing vector field, ∂ψ, and
the metric is analytic there, and thus the metric corresponds to a Kaluza-Klein
monopole.92) A fixed point of some Killing field like this is often called a nut. This
is also the case even when j 6= 0.
Further, we introduce new coordinates defined by
t¯ =
t
C
, ψ¯ = ψ − D
C
t , (3.86)
Exact solutions 37
where the constants C and D are
C =
√
1− 16j2ρ20 , D =
4j√
1− 16j2ρ20
, (3.87)
which make sense under the condition, Eq. (3.85). For ρ → ∞, the metric behaves
as
ds2 ≃ −dt¯2 + dρ2 + ρ2{(σ1)2 + (σ2)2}+ ρ20
(
1− 16j2ρ20
)
(σ3)2 . (3.88)
It is now clear that the metric is asymptotically locally flat and has the structure
of a twisted S1 bundle over the four-dimensional Minkowski space-time. It is also
clear that the presence of non-vanishing parameter j in Eq. (3.83) means that the
spacetime is rotating along the direction of the extra-dimension specified by ∂ψ.
We emphasize here again that CTCs which exist in the Go¨del universe, Eq. (3.77),
now cease to exist as a result of the squashing transformation and the choice of the
parameter range, Eq. (3.85).
Remarkably, this rotating GPS monopole solution possesses an ergoregion, de-
spite the fact that there is no black hole event horizon in this spacetime. This can be
seen as follows. The t¯t¯-component of the metric in the rest frame takes the following
form near infinity,
gt¯t¯ = −


(
C +
1− C2
C
(
1 +
ρ0
ρ
)−1)2
− 1− C
2
C2
(
1 +
ρ0
ρ
)−1 . (3.89)
As shown in Fig. in the case of
√
3/8 < |j|ρ0 < 1/4, gt¯t¯ becomes positive in the
region of γ− < ρ < γ+, where
γ± := ρ0
1− 3C2 ± (1− C2)√1− 4C2
2C2
, (3.90)
and therefore there exists an ergoregion in that region, although there is no black
hole horizon in the space-time. In a neighborhood of the nut, the ergoregion vanishes.
Squashed Kerr-Go¨del black hole solution: Now we present the squashed Kerr-
Go¨del black hole solution49) to Eqs. (3.25)-(3.26), which describes a rotating black
hole in the rotating GPS monopole background. The metric and gauge potential are
given, respectively, by
ds2 = −fdt2 − 2gσ3dt+ h(σ3)2 + k
2
V
dr2 +
r2
4
[k{(σ1)2 + (σ2)2}+ (σ3)2],(3.91)
and
A =
√
3
2
jr2σ3, (3.92)
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where the functions f, g, h, V, k in the metric are
f(r) = 1− 2m
r2
, (3.93)
g(r) = jr2 +
ma
r2
, (3.94)
h(r) = −j2r2(r2 + 2m) + ma
2
2r2
, (3.95)
V (r) = 1− 2m
r2
+
8jm(a + 2jm)
r2
+
2ma2
r4
, (3.96)
k(r) =
V (r∞)r4∞
(r2 − r2∞)2
. (3.97)
Taking the limit of r∞ →∞ with the other parameters fixed recovers the Kerr-Go¨del
black hole solution86) which has CTCs in the far region from the horizon. For the
squashed solution, the parameters (m, q, a, j, r∞) should satisfy the inequalities
m > 0, (3.98)
r2∞
m
> 1− 4j(a + 2jm) >
√
2
m
|a|, (3.99)
r4∞ − 2m(1 − 4j(a+ 2jm))r2∞ + 2ma2 > 0, (3.100)
−4j2r6∞ + (1− 8j2m)r4∞ + 2ma2 > 0, (3.101)
which come from the requirements that there should be two horizons (inner and outer
horizons) and there should be no CTC outside the horizons. The spacetime has the
timelike Killing vector field ∂t and two spatial Killing vector fields with closed orbits,
∂φ and ∂ψ. Note here that in the limit of r∞ →∞ with the other parameters finite,
Eq. (3.101) cannot be satisfied. This is the reason why one can obtain a Kaluza-Klein
black hole solution without CTCs by performing the squashing transformation for
the Kerr-Go¨del black hole solution with CTCs in the exterior region of the horizon.
In Ref. 49), readers can find the squashed Kerr-Newman-Go¨del black hole solution
which is a further generalization of the above solution to the charged case, and is
specified by five parameters (m,a, j, q, r∞). In this review, we do not present the
detail of the most general solution, but the squashed Reissner-Nordstro¨m which has
the parameters (m, j, q, r∞) was studied in Ref. 51).
The most remarkable point is that the squashed Kerr-Go¨del black hole solution
has two independent rotation parameters a and j, where the parameters a and j are
related to the rotation of a black hole along the Killing vector ∂ψ and the rotation
of the background ( the squashed Go¨del universe, i.e., the rotating GPS monopole)
along the Killing vector −∂ψ , respectively. This is why we call these parameters a, j
Kerr parameter and Go¨del parameter, respectively. The Komar angular momentum
Jψ(r) over the r (r < r∞) constant surface is given by
Jψ(r) = −π
2
[2a2jm+ 2j3r6 +m(−1 + 2j2(4m+ 3r2))a]. (3.102)
If the black hole and the universe are mutually rotating in the inverse directions, the
effect of their rotations can cancel out. In fact, in spite of the fact that the solution
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is stationary and non-static, we can see that the angular momentum Jψ with respect
to the Killing vector ∂ψ can vanish at infinity if the parameters (m,a, j, r∞) satisfy
2a2jm+ 2j3r6∞ +m(−1 + 2j2(4m+ 3r2∞))a = 0. (3.103)
For allowed choices of parameters, all cases
Jψ(R∞) ≶ 0, Jψ(R+) ≶ 0, (3.104)
are possible. See Ref. 49) for the detail.
Ergoregion: It is interesting to study the structure of ergoregions for the squashed
Kerr-Go¨del solution. The metric can be rewritten in the form
ds2 =
(
h(r) +
r2
4
)[
σ3 +
(
− g(r)
h(r) + r
2
4
C +D
)
dt¯
]2
−
r2
4 V (r)
h(r) + r
2
4
dt¯2 +
k(r)2
V (r)
dr2 +
r2
4
k(r){(σ1)2 + (σ2)2}. (3.105)
From the above form, we can easily see that at the outer horizon r = r+ and the
infinity r = r∞, the t¯t¯-component of the metric takes a non-negative and a negative-
definite form:
gt¯t¯(r = r+) =
(
− g(r+)
h(r+) + r2+/4
C +D
)2
≥ 0, (3.106)
gt¯t¯(r = r∞) = −
r2∞
4
V (r∞)
h(r∞) + r2∞/4
C2 < 0. (3.107)
Hence, as we have mentioned previously, the ergosurfaces are located at r such that
gt¯t¯ = 0, i.e., the roots of the cubic equation with respect to r
2, F (r2) := gt¯t¯r
4 = 0.
The black hole spacetime admits the existence of two ergoregions in the domain of
outer communication, just around the horizon and in the far region from the black
hole. These two ergoregions can rotate in the opposite direction as well as in the
same direction.49)
3.2.5. Multi-black holes in the rotating GPS monopole background
The squashed Kerr-Newman-Go¨del black hole solution above was also gener-
alized to multi-black hole solution,50) which is seen to be also obtained by the
method.28) The forms of the metric and the gauge potential one-form are
ds2 = −H−2 [dt+ αV (dx5 + ω)]2 +Hds2TN, (3.108)
A =
√
3
2
H−1
[
dt+ αV
(
dx5 + ω
)]
, (3.109)
where the function H and the metric ds2TN are given by
H = 1 +
∑
i
Mi
|R−Ri| , (3
.110)
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ds2TN = V
−1ds2
E3
+ V
(
dx5 + ω
)2
, (3.111)
V −1 = 1 +
∑
i
Ni
|R−Ri| , (3
.112)
respectively, where ds2
E3
= dx2+dy2+dz2 is a metric on the three-dimensional Euclid
space, E3, and R = (x, y, z) denotes a position vector on E3. The function V −1 is a
harmonic function on E3 with point sources located at R = Ri := (xi, yi, zi), where
the Killing vector field ∂x5 has fixed points in the base space. The one-form ω, which
is determined by
∇× ω =∇V −1, (3.113)
has the explicit form
ω =
∑
i
Ni
z − zi
|R−Ri|
(x− xi)dy − (y − yi)dx
(x− xi)2 + (y − yi)2 , (3
.114)
with Mi, Ni and α being constants. The parameter region is give by the following
inequalities
Mi > 0, Ni > 0, 0 ≤ α2 < 1, (3.115)
which is necessary and sufficient conditions for the absence of singularity and closed
time like curve in the exterior region of black holes.
A black hole horizon exists at the position of the harmonic function H and V −1,
i.e., R = 0. In the coordinate system (t, R, θ, φ, x5), the metric (3.108) diverges at
R = 0, however this is apparent. In order to remove this apparent divergence, we
introduce a new coordinate v such that
dv = dt−
√(
1 +
M
R
)3(
1 +
N
R
)
dR. (3.116)
Then, near R ≃ 0, the metric (3.108) behaves as
ds2 ≃ −2
√
N
M
dvdR +MN
[
dΩ2S2 +
(
dx5
N
+ cos θdφ
)2]
+O(R). (3.117)
This metric well behaves at R = 0. The Killing vector field V = ∂v becomes null
at R = 0 and V is hypersurface orthogonal from Vµdx
µ = gvRdR at the place.
Therefore the hypersurface, R = 0, is a Killing horizon. In the coordinate system
(v,R, θ, φ, x5), each component of the metric is analytic in the region of R ≥ 0.
Hence the space-time has no curvature singularity on and outside the black hole
horizon. The induced metric on the three-dimensional spatial cross section of the
black hole horizon located at R = 0 with the timeslice is obtained as
ds2
∣∣
R=0,v=const.
=
LMn
2
[
dΩ2S2 +
(
dψ
n
+ cos θdφ
)2]
= 2MLndΩ2S3/Zn ,(3
.118)
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where dΩ2S3/Zn denotes the metric on the lens space L(n; 1) = S
3/Zn with a unit
radius. In particular, in the case of n = 1, the shape of the horizon is a round S3 in
contrast to the non-zero angular momentum case.29), 46)
3.3. Other Kaluza-Klein black hole solutions
3.3.1. Caged black holes
Myers constructed a caged black hole as a supersymmetric solution in the five-
dimensional minimal supergravity.93) First, he constructed the five-dimensional di-
mensional Majumdar-Papapetrou multi-black hole solution, which can be obtained
by replacing the Gibbons-Hawking space metric with the flat space metric ds2 =
dx2 + dy2 + dz2 + dw2. Next, by superimposing an infinite number of black holes
aligned in w direction with an equal separation a in the five-dimensional Majumdar-
Papapetrou space-time, he compactified the space-time with the period 2πa in the
direction. The resulting spacetime depends on the 5-th coordinate w along the the
compactification and hence the black holes are not localized at the nut. It is clear
that the black hole size in the direction is smaller than the scale of compactification,
namely, the black hole is caged in the extra-dimension. For this reason, this is called
a caged black hole. The harmonic function of the caged black hole can be written
H = 1 +
πµ
aρ
sinhπ ρa coshπ
ρ
a
sin2 πwa + sinh
2 π ρa
, (3.119)
where ρ = x2+ y2+ z2. This describes Kaluza-Klein black holes which asymptote to
the direct product of the four-dimensional Minkowski space-time and S1. The further
generalizations to higher dimensions,93) or the rotational case94) were considered.
3.3.2. Sequences of bubbles and black holes
As is well known, one of the most important features in Kaluza-Klein theory is
that it admits the existence of Kaluza-Klein bubble of nothing,95) where the 5-th di-
mensional direction smoothly shrinks to zero at finite radius and hence the spacetime
is regular. In particular, the Kaluza-Klein bubbles not only reveal non-uniqueness
property for black holes in Kaluza-Klein theory but also play an important roles in
the configuration of black holes, namely, they can keep black holes in static equi-
librium because they can balance black holes against the gravitational attraction
between them. The exact solutions describing black holes on a bubble were first
found by Emparan and Reall within a class of the generalized Weyl solutions.20)
The solutions describing two black holes held apart by a bubble were studied.96)–98)
Furthermore, for five and six-dimensions, the static general sequences of bubbles
and black holes were studied99) (See Ref. 100) for phases of Kaluza-Klein black
holes with bubble). Recently, the various generalizations to the (magnetic) charged
cases101), 102) and black ring case103) have been made.
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